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In the five |ectuves we wzl entvoduce the class °f Sthqular evteqrul operatys
T: §+ £4)C with ’f("j kernel JT om o Aamajeneous nélpotent lée Jrup @ weth

Lee algebra 9 aud weth demensZem A,

We will be mainly cocerned with He ntvoduction of technzzues awd
discussion of approaches from A. Meqol F Ricce | E M. Stegn and 5. Wadnger
[l 2. 5’] 7he goel 75 to show Hat #zs class of operatas T Form an algebrn,

wnder CO’MPOSZ‘{'écm and. Hat #ese 0)’9”4'607’5 T arve boundel on Z_P[ﬁ) fﬂ’lﬂpéoq
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Z. Fl.aj keynels m IRY
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1. Motevation

In %25 sectiom let Ke L Y denote o smoth caldersn- Z)’jmou(. kerne(

2n Zucledean space RY. Zhat zs T 2s ¢ awsyy from e ovfjin wd st He

/fal[awz‘hj stze estimates and cance llatzm condetzoms -

(2)  For every ol € WY Hhere exists a constont Co 70 tuch that when away
wway fyom fhe oveyen
ldeC(x)l SN T R 1.1)
(i) For any Y éC?(/R”) and. ary R 70, Hheve exists a comstant A Zndependlent
a{ R .SWI’\ -r‘/{af:
K, #a 7] £ A coo @d.2)

Heve, Hp (0= #(R-x) = w(Rx.~ Ry,

Questzon 1 How 4o JT e £'(RV) Satsfyeyg (1.1) come about 7

In P.D.E, differenteal op. a(x.p) - em D2 ) D2 Aas a symbol a63)= = buoxr P

It s Rnown that symbslic calculus zs ap effecteve way %o study P DG Fy 2hstance,
ef a=amtre S™, e A ¢3 CF wnt. X and T and 3¢ 32 0f acx.$) )4 0p

then, alx,p) 25 bowunded £rom H3pw) 4 HS'M(K”)_ Vo, seah

Xawback Lo symbolée  calculus . reguire ¥ t be of /{éj/t Yequlayity

Smoothness yveguirement for ¥ ~5 vetatn she local behavior of e °p,
but elémenate a variety .t prblems for brge

Mt(,Y‘O(OC&(_ CKI/L@()’SI\S : leca,(s'iée X amdd ?



Kov.jh{/ :5}784110(»7‘ under apprinate cnd2téms

-

a= al¥)

(multiplzer) Gz)'ljular Zhtegra( op, )

> d = e SRy —, op. T: 0 fx)

gxamglf’, Suf,rage that m=mE) 45 a C*° Function on /R'V\{oj Hat s /zmﬂeneouj
of c(ejyee geyo, Aen, Heve exst bel al afunctim e CP(5My with

S . JL =0 suck that
3 S (x/Ix1)

v
m = bgo 4+ P.v, )x'y

Note that such m 3.t .
|9 meey) < ¢y )™

Fact | Suppese. M € [T(rY) C”(R¥\ (o)), 7hen,
@ If m st
[d mexy) < ¢, 317! el odep?

+hen ;,//\ agvees with a gmwth Functim K whea away from fhe orgyn

and. 3.t
[3: Ko ) < ¢, pet VR for all oLe

@) 15 m st
ol =lal
lde M2 < ¢, Rl for atl e ! wth o< o) CETI+)

v : :
hen m oqrees Wik « locully  diteqrable functem K when away from He
6Yifin amd s.t.

sup

Kix~>) ke | e <
7eR*\ o] ylxlzzlr/{ (X)/ R s



Question 2 How Lo K sattsfrdy (1.2) come about 7

Fact 2 Suppose )L &€ I (RY) egusts with a Sunctin | when awey fom the Ordgin

‘{"/Lat o -N-ld]|
[ Kool ¢ ¢, |x] for all Lé WY  wns A=)

7}!&“) )’E is bouM{ej‘ Z‘ff ffﬂ‘f M ZP € CDZ 0&”) ndea(i&.L bDUKF /‘Fun(_f&\ms auok.

fratl R70 such #hat
KK, % 5] 21

ohere Y (x)3= Y(R %)  R.x= (RX.,w, R %)

7 F{aé kernels on RY

Miller- Reccs- Stein (18) « Mavcenkeewicz multéplier m Heisenbery qrp |4
”-

let h. denote #e Lie algebra of Ha. let Xi, -, Xn Yoo Ya T bethe basss x h,
¥

'Hn 9(X+l‘_f,‘t)= exp X‘X,-‘»\u-f Xn Xn _+HIT‘_*“‘+3“TN "'-tT)
Zhen, UXe Tils 4T Set f:- - :é-. o+ ), #e sub- Laplactan m MY,

let A4E; and dE,. be the spectval measures °f [, and 2T vespectzvely , .

w A}
L= % d5, @, 2= [ 9 dEs <)
Mote that [, and 2T commute, 50 do Hedr spectal measures dELE) anl d&, ()
T V7

Suppose M (T, 1) 23 a bounded functem m R+ xR . Aen He jodnt multzplzer m&, 27)

i jiven Qy

m (L 2T)=
, ME.7) AL, ) d
[C?,ﬂ): ¥70 1er] ! N M),



Consider naw multipléer m= M) on Re XR s.t.

(@3 (Vi) mee gy ) <. @)

Azs multiplzer 25 Znvardant under two parameter Jroups of dilatim

Cf,j)l—-)cjt? /\zj ) dor )\1)/lz 2o,

But on /Ha Here 25 no two parameter Jroup of auts maovphe growp. Lnstea

He awtomorphice dilation o MHn 2
H" > (2. t)— Qz, )2¢)

Veyy m?ﬂalz /Vliil[er, Rica: ol Stezn qot the boundedness of m{, iT)
on [P(a)y S [¢Pe®™  and shawed #at zts Convolutdm kemel has some specza
5wﬁwtam%7 constructéom

Zhm (Misller- Recce- Stezn, 195) Suppose shat m 5t. Marcenkiowscs eonditio 2,
Fralspecn, pool . 7Aen m (L, 2T & bownded on LP(G) for [<p < 00

Zhn (Maller- Recce- Sten, 1795) Supose Hat m st, Marcinkieaics amdetin
(2.1 for all am{ﬂ . Then #He covwlutim Rerne( JT of o, 2T) 25 smoot
awey Arom Z =0, Yadial in t=0 and s.t.

) Gire estmates) 37 32 Jeztr] £, I2 RN T

’f"(‘ ad- JE szn and jéWo w hen a-Wa.)r frm Z=0

(22) @M{eﬂa‘ﬁ‘m mell;‘ft‘ms)

x “2n-lx|
( t)dt | <
[);R 32 )C Zt) P )d ] b /Zl Jor every a*éWf", CVery nb. 5 Pen o

amel eveyy )\’0,

3 ¢, )7
“/Rz pX@o dopde | 4; It Froeey Jed,, every nb g op o g
el every X\>p ’

“;H 02 32 Jrez ) JQiz Aat)daae] g L 5 emy (BDRT ap, evmynbs]
n ‘J m He owd evevy Al A2 >0 M=



Rewmark. I, e reqzon wheve [t| <(2[2 #e kernel /T st alderdn- Zgmund type

ltl 7 (21* k would be #hat of sgular product Kerne

We do see #He coexistence of a e -parameter structure on one part of #e

space omd a two- pavameter structure on HMe otler papt of #e space,

.B_Q_’“_‘*i_k_ Zhe Remel JT Aas Jz‘vﬁu(w}"ﬁ/ Supparfeaé on an zncr‘easz)ﬂ subs pace.
() C R C @"xk:lH"

E(%{ Rernels m R

let & be a homogeneous nilpotent Lze qroup with lze algeben q avcl with dzn, N
SHce /RN23 ~ g, with an afpraPY‘Z}a‘ﬁe choice of  coorddrates we may assume  fhat

& =/RY awd e awto mwphde dilates are qaven by
A ¥ = <)\‘UX|,‘“, )\44’)(”> wifh 040{'5‘(25--.544,
lonstder a partction

V= Ai*a,+... +q,, with @mch A, e g
and. write RV ag

RY = g% @.. ® p*wv

Zhen o = (i~ X)) € RV can be wyitten as X=(y w« v .
( \ /V) R n (yll - xn) w.ﬁ( xL= (X"‘.“' X?‘)éﬁqf

f-Te+l=ae. 7he standavd Slag F o0 BY asspconted +o Hhes partitim 7s )

g;: (o) c R ¢ /,Qa“" @® R* ¢ ... T /Ka‘@,,, ® R Ka‘@.., RM = ¥

&Given posztdve numbers 0< X, ¢ ... ¢ Ay, rvecall #Hat we have the Famely of
delatzons o RY

)\. x:.é\d" X, . AAIV&/) .
let |x| be a smooth Asmsgenests nom o RV sp Ahat ))\-xiz,\lx[_ Aen,

+ Ahe dilatim action o R 25 A-x = <)\dr" Ao /\g‘ e )
S 3

. e /wmojenedus dtmensem of R* 25 B¢ = g(&f.m.f 4&

74
I o homogencms mom Neon R% N, 0oy, 1X 179 MO % )=A Ny ) T

g ACIPY )



let L=, nl= AUB with A=lt. t] B=tim, m)] ANB=

Denote
A/“ — aﬂ‘ “+ w4 a{‘r' /Vb = aM. “+ oo+ ams.

7hen we can write X ¢ pVY as

Na
X: CYA, yB> [ ﬂ % K'Vb WZ"HI. )!A ‘<Xf.l . X‘r)' 78 = (Xm.‘ - xms)

Des. A destributin )e £'(R¥) 25 o flag kevnel adapted to #e Fiag
?: (0) c R* ¢ /R“"“ ®@ RM o c R* ®@--®R"c RY

K 25 C% away Lrom K, = 0 and st He followsg n2e estimates and cancellatem
condetéms

(2) @1‘26 estimates) R every of = (@.-
Such Hhat S %, o

A ~@; - Lo ]

“ oo ) ENS Heve exists o constant & o

w}\QVQ ;Z_J - (df’j, -~ o({’) anc( [;J'ﬂ = d& OIG 4w dg" 0[{:1 .

(iz) <(ance Uateom comditims) [y ay e CT(RM%)

the distrpbutim X::pfg €S (R¥») defmed by
{Xe, ? 7 = <cC, R @e>

3t. the siZe estimates of part (z). Heve

and, any poszteve numbers R~ R

&f M/ ?6 fmﬂa)
()= 2 (R, Yo,

sse: R5 . xms).

Remark  74e fivst example of fleg kernel os
the convolution Revnel o m(L, 2T) 25 a flag ™ Revnel when m st

o partition:  z2p+l = (zn) +1] Ha= €" xR

due to Miller- Rece: - stes, (7¢)
. MaveinRiewicy conditiom 2. '
pomegeneous nam: Mo 3 (2L, g (2)~ 1B, Malt) et

/wmpjeneaus dejvee: G, = 2n K = 2

/

—2n-lx) 2 -3 - & -zl -Q, - 23
tus, |2| Jzr*+t)Y'7 ~ gz év, (8)+A/zct)> “
o the convolution JT of the Jomt multipleer m ({, 2T) 25 relatéve to #le —f-laé;
L: ()c R c c"xR =Hy [7



Movre examples of flag kevnels

® let j be o 3meoth even jund‘zﬁm with Compact, -.sup}wr‘t inJQZ' Then he destrsbution

fTNQ" by z)‘fejm’fz‘on againsﬁ #e Functeon

Key) = %5 10/x) on [¥#a]

s a flag kerne( adaptel to e flay zfQ OJJ c {(""’)/ Xé/?j c R?

@ A destributéon on g3 Jeven by dntegmtion against e Functeon
39n(x2) 59n(X3)

r ,]xf'+x: fo'+x:+x;

on {X, #of

3 a fflag keYneC o R3 assoczated He —f‘oj

{(o, 0,0)] c {Co, o %s)| % é/k} = ZC"' Ko, X3) |

—_— — —

X2, X3 é/kj Cc RB

—_— —_— — — — — —_— —_— — PR— — —

Fourser Eransfarm dualety of dlag Revnels and flag myltzplzers

let (RV)* be t#e space of (inear functimals on R¥

Fav‘qn)' 5u65pacc VCKA,/ (et
V* = {ﬂ"é@?”)"} §=0 on V]

Pef 15 F 25 a fag m RY qiven by
T: 0 c g™ c g @ > c..cR*®@ ..
s dual Hag denoted by T* zg

oo 5 @) 5 R e ) 5. S R*o.. @r%) | R~ Y*

e family of Ailatems m (Rry*

defaed o RY 55 dat

can be #ncuced, From e 'fﬂm-tf)’ of dZ(atdoms

</\'¥, T 7 =<y, AT

We can write Te(RY) as T = C-ﬁ: R wH 56 R Llet [T| be a smooth,

Aomojeneﬂu.s notm on (RY)* and (et If,[ be He Yestrictzon of #he norm om R %)™,

De§ A function M=m(D) <5 said to be a flag multoplder relative <o #he

flag
T @ o (R 2 R*™@r™)" 5. 5E"0.. 0™ > ®)* [~



¥ m is Coo awey  Syom Hhe Subspace Tn =0, and For any ol‘—'(oz, 5 oy) EWNY
there exists a (onstant €y » o suoh Hhat

n

{5;:‘ agﬂ mes) } < Cy j7T (/3§I+,,,+ /33/)-1:%.{]

I/'_”i C/VG-jQC‘ chcz- Stezn, 200])

A distyibution X e ,)o'(/k”) 5 a »f(ag kernel relatzve +o #e »fbg T 2a Y

& and oy € #ts Rouyger tansfoym zs a ,j:zaj multeplier relatove 4+ #e

dusl flag T

F§ It fa(laws by #he enductzon on He numbers n of steps in He ‘fL‘j

lf n=l, ff(tg rernel )C 75 « 5moo£'/‘. (a(JeY&n~ZyijL keynec. L

Def CCDa-Yse]- partitions @ coavser {%S)

@) let 4 - (a., e, An) and B = (b., o bm) be two partetions of N so tat

M= d, + ... t d. = b."'..."’bm
7he partition B 25 called Coavser than A Gr A s
rhﬂ'l
bh: z a

3=z, J
for some anejers | =

drer #an B ) 2f
zl:l <Z-7_ 4 Z_M-H =n+l

1) let T, and 23 be two »fhﬂs cawespmiag t #e twy partetims A and 5

°f NV, Yespectdvely If B 25 coayser #on A, Hen we say dat the g T2
25 Loayser '/fan 4;\. <or %A. ?s finey HAan %)



Choose a Sunctzon VG CZ(R) supported 2n (7 4] sudh that

15 V@)1 frad ts0
Demrte En =iI=<2|, =, 2n>62nl L <., Sénj. Forea‘d" Iégn, set

L= 3G ®N - @)

Zhen we shall have e Followay vesult

_Prop. QVaﬂeC- Réccz - Stesn- Waznger, 20/2) Jet m be « Flag multepleer velateve
to fle flag

o 0" 2@y 5. 0 R 6. 0 r%)" 5> Gr Y
7hen we have #he fallawng decomposition of m

n
M = m, () fog Je () 1,5 Muir),

wheve m, 2s the Powvier transfo'm of a ’flaj Rernel adapteld . #e .)C(g :F’
and ot each |SREN, Mg 25 #He Fouvger tansfarm of o fa kemel adapted
to a f[ag Sf)’z'Ctl/ coavser #an e

PSS let Oec? (R be supported zn {o<té 20] and O(t) =| when oct < Jp
wyzte

meg)

n

mey é— o (%, If,,lﬂ>> + mee) 190?1«/ I5n17)
N (?) + )n:(f)

~ M@ and My arve ’ﬂaﬂ mclfz‘pliers relative +o #e Jlloj ?#
2 v
m, 23 o »flcg keynel velatve t, Tlag coarser #an T
. .
NP, 1% 2 oI

Next write

nlff) = nl(T) (

= olTal 1) v nen ein 12 )
N2 (T + M. ()

=



~ N2 () and M2(3) ave Klag multiplzers velateve to #He Flag T

¢ r\n/,, 25« flag Revnel velatave to a flag coarser #han I

-

NP D T 2 lof7,

.

PYOCeeJ, thﬁmfzfue(/ me has #Hat

n
M= Mo Ty + e, Me ()

where for each |<k ¢y

My 25 #e Founer bansfom of a F
coavser +han $

Ly Rernel velatve 4o a :ﬂy

anel, M, cg) = N, ) 25 Supported 2n {_?: T T ]3},2/0/3”/

187 ¢ n-/j
Stnce 0 2 supparted sn (%

. 4]~ m‘,ﬁ'):lzé:&., Mo () T (), o

— — — _— — —_— — p— —_— —_— —_— —_— e e e e

We shall chavacterize flag Rernels 2n terms of a sum of dilates of
normalz zed. bump Sunctems with Cancellatims

Deg

m let ¢, & e C2RY) we Say Hat B 25 normalezed, 2n terms of P =F

there exist cmstants C, CGn 70 amd S e 50 that
(@) 25 @ 25 supparted Zn He ball B, - fo, pv

Ix] <}
then T 23 supported on the bat Be.o

(id) For eveyy me W, WE ey, = 34 [0 Bon| <

m g, .

¥ e RV

(z2) let ¢ e jDOR”). We 34y #at T 25 normalezed 2n terms ot < 5
%0‘( eVeV;r M € //Vo 1‘7{&’6’. ave constants

X

Cm 20 and Sum € WMy such that

ﬂ:hpfs <M (1"‘ lxle)/; /&: Do) £y el

M+3y
* ¢ RY ’

(11



Recall that 2n the context of #he decompasition

RY=R" & ®R™
we can wyite xe RV

= (% .. )
s X206, X)) wih o, . O, %) € RY

Stimg andl weak conce llation

_’@i‘ We say that the functeon P e f(/k’v) has StYL'tL cancellateem 2

ffka, P (n, -~ %) dx, = o r any |s¢<p

2e. @ has cancellatzon in each collectiom of VaYiables {.XPo, Do+, ,%} o 1224

One. valuable obsewatim 25 that cancellatzon in certaen wlectsms »

5 vavYiaples
25 eguzvalent 1o e excstence of seme primctives.

Prop. (Magel- Recce- Stetn- Watnger, 2012)

let e j’(/IQN) and (et Je = U’c ey Y L?Lj CU ~ A/f b Non-empty subsets

fr 1€€<T  anl lj—ﬂ}lstsr be mut ually desjoant, Zhen,

(z) for 12€<r j Y o) dx, = o

R2e
0

@n  there are Functzons $. € TRY) nomilized wye P such Hat,

- N .
ﬁo()‘) = 1 z Ajl 33

P, ., (%)
€T, e, forde

?

PSa) D). by Fudamectal Zhm of Calculus

() = (22) - by nductim sm n o fiom HAe lemma as fulloos

Zemmau)zet LP é (_D: W”) I Lka' P (x) dx, = jlkql Yi(se) d¥, =p ) —t‘/lé’n' @re‘u-/\jejl
+heve ex4st functems [1{21 c C2 RYY normalized, o terms of Y 50 HHat
(2) Y = 3621 % ZP,',

€4 fmaz . 00dx; =0 do each 3e€ 7, [



(2 1§ Ye FRYY we have the same comclusims except that these functions ) are
2 SRV

Def. let €70 ad Te¢ En. We say that Pe ¥ (RY) Yesp. Ce SR~)) has

weak cancellatzon with pavameter & snd multi-zndex T 7§ FAhere exist j‘—um{‘z‘,ms

= \ :
?A,B, S ds e CT(RY) (vesp. Ta B, di~, 4y € f(ﬂ”)) nevmalz zed, 2n fermsajaf 3

= z 7T 2—é<25ﬂ _2$>
AUB={l - n] seB z ™ Z 43, 4 [?Ae:( ]
JnéJ_ j‘r 6.]- ' I e
A=t €] & &
ng B

Here #he outer sum 25 taken over all decomposétims 1], n] ents two désjoint
subsets A and B suck #hat ne A

Remark. 1§ @ has weak cancellatéon velative 4o I ¢ E, on RV

then P has weaR cancellation Yelative + Tge Es ¢ R™@-@R™s,
It Jollows +hat Sor any B c b~ n{

N
R 5<n

<

= = ™ z‘é(ijﬂ‘zj)
B UB, = B 3eB, T doy) &
kéB, 8)182,0.-
B\ﬂBz.:?S,

g g, 25 neR

where o: B, — h, ,vj so that G(R) € J, = {?& B tl, . Ze } awel. el

§B\, .. ¢ € RRY) 25 normalized en terms of &

J—V\ Pﬂ.V’tiC’Mia«Y, C\{f B = z'i, %/‘en, 2 ﬁ (_’363’, ), é é :ﬁ noyma(ized. velative to 2

-e (@ -2
T ez ule] o T BT g

J

liz



P_YUE- (/Vajeﬂ- Rzcez - Steén- lf]aénjer, 20/2>

let €70 and T € E.. A Functiom P e T (RY) (resp. Y e fw,) has

weak. Cancedafém with famme%er £ and mults ~rndox A 74 and O‘n[/ th

for every o(eCam/:vsz‘me AR nﬁ = AUV B w#H désjont subsets A o4 B,

Fhere exzsts Z}JA e C2(R ”4) (Ye;p, $ e :f(/k"fz)) noeymalt2ed 2 teyms of 2

3 { o 7§ neg

T 2'—6(2&?1 "Z';Q)

y”b *(XA; XB> dxs =
R ReR

ﬂ(XA) ef ne¢ g

Dyafiic o(é’,(amPOSZ'féems of ’H"ﬂ Rernels

Thm (Naje(,- Recee- Stezn - Waz}\je}’, 20/2)

Every {f(aé{ Revmel YT velative +o e Flag T has o Je(vnkposz'fz‘m
K- ka+ g Ky
With -Me 'fol[awz\g PYUPQY‘fiQS Hhat

=

) For each L& £a, Heve 25 a function PTe (T RY) suppartal on the unet iu

B, w#A Sszmj cancellatzon and ungﬁ_wml/ boundel seme novms ”?//Cm)

5y fFhe geries

ko = = [?DIJ_I

Ieg,

Converjes an fhe sense of destributdans. Moveover, $or each 1 e &,

PO~ %) =0 g < F

n
- =1 &6 2 - -
Heve, T DCJI ()= 2 “ ‘ ﬂ:(z i'-’ﬁ, "L z7. x,)

() For each |2jen, each )C;i Z3 a ’H‘ﬁ? Revnel relatzve to o Flag  strict)y
cooxser #han K,



F$ of 7Am

st
1™ By the chavacters zatsom of e flag Rernels 2n terms o5 +heér Fourser tran sfom

e has that
n
= >
)C )ta N J= ‘}Cj,
where “he serzes
. 3 1 -
Womfee (7], with 37 ¢ g gy
Converjes 2n the sense of destributdms

, and dor [<g<p, K; @5a flag kerne(
velative to a {—lﬂﬁ Coaxrser Aan T

ond Aadﬁ(z}\g 4o He decomposs t2.m of He test functems o :f(/,QA/)
fhere exzst Functems 'l

6tYavg Cancellatéen swh #hat.
P x) = $ R@+tg,)

€ LT RY) supported zZh the unet ball ¢k

K=o 2 L/L'R'I(Z_kﬂr)
Moveover, for every 7o g every men | Hee exests s, Suck that
" Ny €2 120, .
So, e series
L/JR,L o $2’.1

conveyqes  2n 0/3”) To a Functzm wsh ﬁ‘rng cancellation | supprted.
N fhe unit ball. Aus,

o - [?”J

1 e £
ConveVges 2n #Ae sense of A5V b utzon

3L Ry the dewmpusitian of test Functios 2n CLCRNY, ot follows Hhat

foreadk T € E,, Here exest functems 50 € ¢ (pvy ok $thong carcellten

:SupPar-EeoL 2 Ae unet ball , noymalzed 2n terms of 70

) avw L Vamslll)g
when 1% 1€5 suh Hat
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(2]

51 ~3 &, =
? <x‘; =, X ) = Z 2 701'1(2 j X, ¥,

J=-00

. X, )
Jhen we have

2 > 1 o )
e (Pl z [ pia] 6
and, He series

o

5 i1 .

j‘f-—m ﬁﬁ = ?01
converges 2n CC (RM) with 3thmg  cancellatem, supported e unit bail,
Py \mnz’u}ldg when [x,] 525 Aus

x-p = -I-E.éfn L—?)I]_l
(mverges th He sense af dpseributims o

— — —

D)’aa(z‘c, SUMS  with weak Cance[(afém’l

T Fov each 1€ &, (et PT ¢ PIRY) have unefoymly bowndek semenarms

/ ‘lo”M &or each M ¢ w, and have weak cancellatéon wovt T o Jome pavameter €2,
Then,

@) I5 F T & 25 any functe set, #hon e Schuarss Functem
~and
)CF = IZGF L?D _].I
defines a »F(cg Rernel velative +o e Flag L Y bounds 2helepentent.
of #he set F.

(t2) Jet {E be any dcreasdng sezuence of Fin'te subsets af & wig,

l

En = 3u FJ ) 7/{€Yl/ Jj:UY‘ a,y\/ 27'.1 & j)(/,e,v) ) ‘6{8 [Z\mz_éj
liwn - §
300 < k—Fj‘ L Jl—bw .Tiﬂ RV [701]1 OO Pox) dyx

exzsts and defines a ,}LQJ kernel JC e F/RY) and we write e

(2met  as ’ S 5
)C =_ IeF Z? JI

F-—7 E.

v



F'E 0-5 +the 74"1

(0) Size estdmates: For each I e £, and e $rYy  since

(%), ) oo - ;L (3 7%] 00 Vaenw

One has at for ary M > 22, (T3, 1+ g,)

’ +there exists a mstant C= CH, AN
>

bj Ke 00 < /f;_r_ &5([?1]1 ) 0]

=12 Z_é’ ZL(IOZL

TEE

]}1‘&7‘) 1 -z
éﬁfﬂ > é “, L) Xn)}

¢ T A @4, 1+ 4, ) P
: -
°F é—’- kfl 2 " Aﬁ(x,a)

n -
SC k_’:r, él/; (x,) + ...+ /f/[g (”K)> ~ & ‘Eo(kﬂ

Cancellatzen cond etz ms

We weed to Show #hat ffora,n/ K'-‘(Rl,‘
and o any A€ CT (R

4
Ke oy i j@fvb Fe (Xa, xg) YR x5) dxg

ks) € (/Apf-)s
#he hteqrals of #he Form

st #He size estimates of part 2). Here,

Al €3 B m]od -]\ A

ndo
4 Hp = é("n S M) e R"~

’

/‘/&, = a{l bl 4.€$

2

N,
xa = Cy"‘la T Yms)é/k ? , /1/1; = am; +uee 4 4,,

b
FD}' 1= <2b ~, 20 € F c En, set
El = i-IA = (z('l, St 2(.1,.) € E? / (Z‘\)"', én) & F}
and Sor Ip € B, set

Ez— (-IA> = iIB =<Zm,)~~-,. 2’“5 ) € ES } <2h v EadE Fj /ﬁ



then we write T = Ta, Ta) wit Ipn €E ad Ig e E, (Ip). Hus,

+&+
v * Zreg [ 5L Gon) v my an
= Z
a0 Jo [P7], Gaxe) ¥R %) ay,
€Fc g,
~ - = @(IA, 1) (
_IAG El [-TBEEZCIA) ]IA yA) !
o heve
QICYA) - C_QCIA.IB)(XA)z J‘RN SDI (YA, %) ’-P(R XB) dxg & f(ﬁ”“)
b

2s Neymalized relatave o ¢

Swe Pre f(/ﬁ”) has weak cancellatem

T P can be written as a sum of +eyms of  Sovm

- € @Jﬂ ot 73 v
T 2 J T
JeB, 668, &a‘m)> ?08'« B2, ¢

whete B U B, = B wi# BANAB = and neB, 28 N€B. and o B ¢l pf

S0 that g (R) ¢ Jr =U’n/ Pe tl, -, ZR} Cil,w/ /V_f, avd  each ézgfgzl@ é‘fOR”)

zs nevmalz zed 2n terms of 501‘

I @a, 1
~ o - M 25 a Finite sum of teyms 2t e form

L "e(ziﬂ "ij) 'Vé'A,IB)
se5. 2 Jon @ %) [(BE2] #kn) an

el (R¥)

@n, 1g)
pr— z cmverqes t g hoymalige [, Schwaytz Functimg
I €5, (T4
by si2e estimates . (IA, 13 )
z \ . .
3.t. He $ize estimate G
of part(z) Ix €5y [IB EBa L5 ]I € %ze mates of part ()

A

2.e k;zp st. 5i2e estimates of part (2) g

lis



(22) v eac Ie Ea, Since PTe FURY) has weak cancellation velative 4 I,

+Here exist Functioms 3 ({ej,)’ Po 2n FRYY normalized velatve 4o
(f)l $0 that

¢ - ZI. d (P5 ) + zﬂé(zz—z') Pl

o
7/

+Aus

2

(7], = 2. 2% %, (fﬁﬂ) b oG *i')[sof]l

sen 25 F c £ s a Fin'te subset | and [z o0 = If_F [?‘TL (x
we have by dhtegyatim by parts Hat

€ o
ym (e 00 00 dx = - {Zﬂ' J;RN Kr 0O 3,%00 dx +f KE 00 00 doe

R
where Ny
KE OO = 2 2% (9], 00 & <e7,
“ ¢
K2 (xy- = -€ (-2 -
F Tep 2 L?DDIJI Cx)
Aen  for ol = (oz oo ) E N we have &y €T, and M7e§ zc@;ﬂf @6)
n -
LR s ade g 25(@ T 1) _
) = I 20 ~2
é.d 25 (.
¢ = ¢ 2 45(Q +ad 1) —z
T Ief < Rt k/VR(Yn)>
Z L —& -~ N
S & Iﬂi(x;) jlr. <A/|(X.) +m+/VJ.(xJ.,> 4041
€ L' wrm)
and.
o S€hLtey 2 (s tTd;7)
}ax K.F (X)) F 2 2 J J (aol T (—il
?0 2 R0 -~ 2‘2"-,\"0/
¢ Izé. 2—622 t €2, ".:L« 2 (& +T . ﬂ) " M
F tE 2 /Vk(xk)>
rd & =
€ L' (r¥)
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7hen by domznated conveygence HAm part (22) Follows and

lim L - - 2 o
cag, <Ke ¥ 5= . YM Koo 3 P00 ds +J/,;~ ) ) 4y

olxeve

< _ T 2,&{
k CX)—IGEA Z L[iﬁgjl (x) for .éé.j’

&
i) e = 2“6(22 =2 ) .
Teg, [?Do ]l (%)

- = e— e,— e— e —_— s e,

Inhvaviance of flag Revnels wunder change o valiahles

Zhm. C/Vaﬂe(x Reces - Stezn- Waznger, 22/2 )

let X e R be a ,}:Q? kerne( velative +o e Flag T assoctated
o e dewmpositzon RV RY @ . @R™  If Y= oo 25 an admisible

c/wge of vavdables, #en )Jo T 25 a Flag Rernel §or He same decompsitio,

_— — —_— ——— —_— e —_— — —— — ——— —

3. LF boundedness of fhe op. Ty : Frof« Jt on & Loy [4pcoa,

@ @“ﬁf?ﬁ— Rzccz - Steen- Weenger, 2012 )
7he OP. Ty : 3 Fx)c wid ,i‘—{ag kerne( JT 23 bounded dhl”(é)
For |4p 2w,

To show Hes Fheorem we fwst Yecall some velatel classical ey

U’E‘ Wmméc, a,ml)fst's Zn me- /’a)’*amefer case.

v
<

Maximal op 7 |3tnqular  zhtegral op,
v 7

Sfuave funetims

[20



@ Havdy- Littlowood maximel op. M . V§ellbe (R¥)

M5V = 3ub s [ 5emm) 4y | B+ ball

Blo, v

X sup —— 1

! [
r>o M<52(0, r)) LCO’” [jE(x—y)/L/ ,’ &+ Cubg

ML@)M 23 of weak L)) type Z
) 7Pe and Is of Cp,p) 4y T 1<pc b

by Witali Covehly Zemma, éfe%w‘re; t3Zuas) metpie 1.C, "1"1"1’/"5 /’”’f’e"ﬁ’)
(22) T (£.\* 1 2 L
I3 (M 5907 o crwy % ”(325&12}2 7 R e
@ M 25 tvariant woth me- parameter delatim X-x= (0%, A% forany A
. aYNZo
@ Toissen kernel - Potxr= ¥ é’f 2 >~ Yz
Fz

Propevty 0 1£ 4Pty | < M) 000

@) Smooth Calderdn- Zrgmund kernel ound Sthqular chtegral opevatos .

Zet )‘(: ¢ S'ORYY 25 a smosH Caldersn - Zygmunx kerneL, which Co (ncides

with o Fuxcteo K when auey frm 0 and op Ti §ry £o g

5“?}’056 PecT (RY) 23 5L(f}94)"t8a(a on 7he unet ball f RY and ;4, Pz o

~ 1
Set Pz tV @t x), thx (%t x) Aen,

K* A o] 2 Foo

2)  sup
£2) €25

(22 KT—? « P Yoo £ MFY oo
(222) 1306 « T5)* ¢ oo | £ 2 t) (M5 )ox),

where 5(35,t)= min (% f ‘); dor some 3> .

[2)



B Sqeare function /et Qe T CR™) have suppart n the undt batl of R,

and W e S(RY), 5
7P dieey £ = @)

Define sguare Junctoms 5¢€'§ anel Sw§  as
Se (510 = <Lm [(’f * ¢ o] 4t Vzl

o Z
54, ('S‘) (%) = <L {(:F,« Z/}t)(x)lz f%. > Z’
wheve ¢, 0= ™ @1 ) and Poo=t™ (' x) for t7o and xepw
7Aen, S oany 1<p ¢oo,

V51 iy 2 U5 501,

% ISy (F) be ) & &)

M We add Cmii‘{‘im (3) onl)' to et HAat

525:0 Te x ¥ * § %

When without cndetiam (¥), we stil have (8 &)

Now we use #e above close ve(afc‘ms/lz‘p amey Haydy - Zittlewowl maximal op.
Poissan kevnel, singular diteqral op. with smatf Caldersn- Zrgmuncd nvolutin Remd

and sguave «S\.uxcfz‘m to obtazn e /)P boundedness of He op. T: £ £+

in Euclidenn space Y Jorlep o0 wish smooth, Calderin- Zrgmund kernel

Heve we will not use the  translatim 2nvariant structure of #Misop, here.

5)!0&0 let JT be a smooth Caldeysn - ijmM Rernel 2n R Aen op. T: £ Fe )
25 bounded on [PRY) dJor |<pcea

.Fi st I TS ”LP(/R”) = NS‘P(T{Y)HAP(,RN)
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ZM[_ <S<(° CTS‘) (x3>z = J':O {G—§> * ﬁ (x)]Z —d%-

Stnce L‘” P Per L) wo have § = fw@%* ¥, #4) 43
2 s Ea

dhus,
Ts<$sk=f (Retegep)s
e
Br@sy - 7 (B few e
Tl R Ty
Since

%o T@En tog) o) £ sty MG gy o

we have

{ﬁﬂt x(T’f) (x)lz < (5:0 >(s.t) M(Zfi £ (x)é)z

o 2
2 f ¥(s,t) é\/(él’s"f):x;> ds

o
X
d
50 (s, t) ?5 by Cauehy- Schwayts zh_?

-]
up
Aote thae 30 [ 505,00 & < Asos. s

<.5‘{’(T'E)Cx))7‘ 2 Lw Loo x(s, ) é,( & *5)(’())1% p

=

& é:r; y:o ¥(s, 6y 4 ) [f:a é/t(zll, :~3c)m)z %’]

© setm < [0 (4G ) 4

H
=+ Sy (§)exy

3 Siwce Hovdy- Littlewood mexinel op. M, 25 bowsded on LERY ¢2) Friepeoa

me 4ets Hat F¥ ony measmrable;ff—uuzfz‘m Fe (x) ©F Ct, X)) 6 Ry XRY Hhat
- oo a = ©9 2 z
1S (M(mm) 1% epwy * ll(L [Fe 01" 4¢) D eny

Zhus,

Is% (521 £ M5 pepuy  12peoo. 0

LFcrm)
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Now  show: op. T: §1—> §«)T wH {Cag Rernel JT 2s bounded on LP(G), 1cpeso,
ﬁ. /VD{'Z\CQ f/La.t ’fW any A, ye@':/k”, Mﬁ RH\ Comloment af X‘y 2s

X = ( 2 !
( y>K xk + 3,2 + Fk (X,y) = X 'fyk + X Cﬂkﬂ X,d X:‘H 3{'/3!___ ynﬂn-l

*
wheve

/\k_ = {(Ol/ﬂ) = (02., wy e 3 ), o ﬂk.,)}f%;l dc (dt t5.) = dnl, [£

We Rnawon #at P T under sudh qroup mu['fiplz‘(a:é&m 25 not translatéim zharynt

but left- envardant o & Nagel, Riccs, Stetn, and Wadyer's Zdea s to use

(AN} Ye(/lfidnj/léps with Mmaximal op. and sguare Functians

Sdwe +he +lag Revne( ¢5 znvardant wnder #e c/Lanje of coordznate, Nagel -Ricei
- Sten - (Uaz;«ﬂer do calewlatims 2n a partZeutar coodahate system so that x € &= RY

can be written as a wa(uct
= X" x7 th X<
=% x w? (X;, , Xr4, 0, . 0)  and 'x"eé—&
Here

6-)( = {?f= <Yh Y yn) GK/V ) A == YR.‘ :O}

I\

{(0, =0, ¥p - xn)} X, ékqe,ks{isnj ) I€£R<n.

Aen, Gu s a sugep of § ad G226, 56, o o &

~ Vxe &y

xX = (Xk ’ xk'ﬂ,“‘, ¥n )= @k, .. o ) . <0 xk'H Sy )
- P . "

= (%) - X' with x7e el

We ffb{j’b }Laue o look what He CaYYej}Dmo(z maximal( op. ane dLuare ﬂ:uw‘fz‘an,
could be o €

e



@ Maximal op.

!

) nal - o = — Fox-») | 4
L MS_C) 5;;2 M@’Co,r)) J;CO.YJ/ [/

A Sup
ey
Y>o M(&co T)) -j:ﬂ( §x7)/o(/ 67
M 23 iwvarzant with sme- pavameter dz@i“ém

YY)

(@) NZ22: Jhe maximal °p. Shodd be WP of average ovey Yeé'ﬁargles

v\’\"\f—\_-“,'
For 5= (.. 50), (et
S O R N TR oy
Rs== R:) For 3= G 509

CR) ‘ .
We say Hat #e 32e of e vectangle Ry 25 Gcceptable 7f Sksssss,

We (et M(E) denote #ie ZebeSjue measure of a set Ec @g-= g
MR (&) o,f a set E c 6;(
Def  7he strmg maximal op. M defined on G = &, 25 guue, >

S
.}\/(' (’S’)CXB = JSup m(ﬁs) j; /jC(X 214) /J/

wheve #Ae  supyemum 2s taken over a( acceptuble Yectangles R :k;"gésé
(a

T3l )y M oes bounded on LT (G) fr |cping

an | h [M%)}z j% ) . //G.H;]z)t | i

LF (&) LP@)
2 ,\-J,' -
(2ir) I [f@q . (M (Ft. .t )(ﬂ) dt, v d ¢, ] (,5') I(gm Ft. )Jf t‘) //

@)

[25
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We ng\éx(J—E\‘ a  maximal op. /\/{.k on é’k : V§é Zch (6-k ),

/‘/(, (§) (%) = sup !
k Pro mk(BE(”) j‘ga) H: 6( ¥y )o{/ Jor x¢ 61’ 1B en

P

where My 25 se Lebesque measure on Gr . and Bfm’ 25 He auto mophec  one-parameter

ball jiuen by

(k)
Be ={é(n,“» %) € &, / el < €8 Il < o™ IX"MM}

k)
Note +at Be st #e vegwired properties far both e Vitals caverdy argument

and. Calderdn - Z)’j)muu( e cawy?osz,"éz‘m agumem‘;_

Property &~ My

() Mr 25 of weak (I, 1) 4ype  and s of (P p)type on & |¢pevo

a 1[5 Me5)) 7% by % 1(3150%)? Doy 12P oo

P5of 2 o p=2: Vv

® p=1: usﬂg Clderén - Z;:jmuvw(, decwn,DoSz‘fz‘m Mme prves +hat

My 25 bovaded fram L' 42 ) ¢ )"z, £2)

@ lecpez Y Maychkiowis ehtevpalatzp,

@9 Pz2. by a . wez‘JAﬂeJ. norm zheta

—S’ 2
ék </‘/(R () lx)> Wix) Ay < fé—k /f(x) /z,//(kuj(x)o(x.

Here, w 2s any positive Afunctéom

I?A



szg’f‘émg Suppose. op. A > L x oy 25 a solutim op. on G with fefi

Then , Ler
L (500 = f@ TGy und ocu Fy
where
F.(y) « = 5 (eq?) t e &,
Zhen,  Fy e £ (&)
WQ can [ﬁft [ o a COHValufdm 0]7_ Z on (ﬁ":
v
(%) = K
[ (£)60 fm §G3) by -Gl Vs g(g)
| ngé
Heve, we choose a partrcular coovdevate ‘751‘@”4,%1’:("',“', X )€ & ‘m
be written as a pywduct

K= xle X wth X' 6" Xed, 0., 0)  ad X766
’ 3
With #Mes coordenate system,

we defie n eF ) as
N =05, @U
CLYLA set

Z(—S)Cx):: C;S::F'i\(_})(x)

fr fe 'jD(CT) and X e g
7r{en,

7 (5) ) ={3C(x-ﬂ") U dy =f JCé' &, 34)-') (5 | ® u(yo))
&

o
G
X-Y'e x. @ g7y
= . 7™ v) dy” _ e .
Jé—n § <‘X 4 ) Uy”) 4y -féh '5‘(( 'X’)-y"> wcy®) dyn

” S" f?(’ (X//' 34 ) U dy

R

= T (57) (=) ’fx, () = F(x"y) fr req,
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clacm

1§ op L 2s bowded on LF (G ), Men, Z 45 hounded m L) Jepeso

IS [ is bouded o LP (&)

=) e
I TG NLP(&R)

2):8:(X/;' ”p
> @

£ 13 ”4"(6)

| Fcsy
¥ LM(&.)

tteg Yateen 2 X’

) }lip(ﬁ) < //4 (@),

—

’ ( )C J: = SW :
M0 365 | Beesnly o 1510 o
Ky Rs ’

Ry

e gy ———— ’
/"(k(‘g‘)c")";;’o M. (B f By | aya s /fl*j (x)

i) Pzo
Bf’

o e g 0/ M

I)Bgm by = _ﬂB;m (2 / My (B;h)>

~ M, (Px) = ;u?f’ | S| * (X"m; o % jgm) (x) kzz
© P

~ /L(R 235 bounded mLF(é) | <pepa

ond " L.
/I[JZ- é’{h(fj)> 7% ) < //é- /32_12)1“ //4"(6 V»,fk;)
) SRsy

P &



Obseyvation v
DRCC’QS) ~ B(n) (5 & j ()u-n > (%’”

whenevey 3 :(Sn,w, Sa ) and 3 = (Srw,w, S ) St. Sk & Sp4y £ < 5

-

Inieel, B
_HB(;: % <gxn & _ﬂkc::;ﬂ).) = " ‘Z{B[;i é( Y ) (57;« @_ﬂk(?)) ()’)d/

A= (xk, Xma,,.,xn) = 602) e o) . (D} M+l X, ) = (X)) x?

\ 7
with X e 6}44-1

~ @ 1 .
(k) é_ K(km ¢ 3@[ B(k) 6( y/ ) j[ [H”éf . x7 Jy,
6’)«}
Ck)
/Vpu) 5 x¢ R and >0 /s small HAen
Ck
(Xn)‘x’ Wi | Xe] <€ (jn and X7 £ R e
On supp _ﬂBm G oy ) Y e g
Sg ! Sh-n
y Ck+i
{I'S ﬂéB(:;’il’ 67057»«4,6(} — 3_{ R—)
.. 2N <ol . Cen
= ‘ﬂs‘;" Go 4’ Y =] ad jR“g" Aox) = | ohenever xe R -..(fegc%

3 - P
=) _'[5 X € R(c;, ", 5 _ﬂB(Sm 6&‘3/) ‘ZR['&” (¥ x )d/
" -3

Re)

' CR+1)
Z PV ( )
J"H/e Bck+n > mh“ B‘ Se

c Sn-i-l

5 1) holds g



Pyocee aﬁzkg #He's way by anductem gives
v < .
JR‘S C JB(;: * <g_x, €Y jB‘;; > * * (;X‘f"«xn—i jg?n, )

wheneuver S, & Lo & B 8 Sn

Thus,
(510 = sup ()5« ) (x
M R.s < ]Rcs ’
cor e ) <
Res , '75‘5'.’ o ®Jse ) ’""'*@,H;x,ﬂ@jsgﬁf”
M My o XY, (5
= - A oy o/ ~
7 ”M —3: UAP(GI,) e )]Mn o ‘/\x(n_l o ~-. .,N C:S:) ULP( )
. P ( ¢ z (Z ; z -i"
THEEH A o
7hus, i.& Ft.,w‘t (x) 25 o measwmble functey, of éth“'.'fn,x)g@)"ka
we have
F (x)
{ (23 [M<t 3 ] } LP(/KN)

| { Jo. Fome 17 e § ° ),
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(1) Maxemal op. M o & -

NS
/\/LC&) (%) = 3up ‘ M(R) (x-Y7)
RS':R;)E&‘."-& s fks H H /d/’,

uheYe ey Kt
Rs — ix; é(n, Xat v, X,) & éle ] %] < (SR)K. X | < (5n+!) X }<(5").J

for 5= <5n, Sk, Sp), (w(mz'ssibleK te. Sg & Sp € < Sn)‘

Thm3.| (2) M s pounded on ZP(gr)

av | [;j:@((fj))z j‘é ”/_P(f() ,{//é: )§5)2>Ai//l?(d:)

/2 &
(itl) ” i J’(IKO" [M(Ft‘,w t, ) CX)]Z dt.wdf,,] //5//@&),, / Fq,..,t“ ¢) /ldf.wdfn> |
PA(3) /%

Aof any measurable dunctiom Fy (e it 0o GRy)”
PR &Y + . Cn, t X 6_

(2) Baszc comparison functeom

Recall when n=|, #Hhen Aomogencars demensim &, o RY - gV g

8 1
fozsson Revnel P, (x)= ¢ N[H. (J{__')ZJ VD)2

A g

-V
Q22
=t G4x)"v
=t (t+1xa) "

When n7Z2 . we }wpe we could have Some /fu/ufftm IZ(X) 3.t

@ sup [ ) <
SN H e 0] £¢ M(5)x)

@ I)( > §‘t (K)} ré\, r?‘t (X) QCOI'" Same 4/’,0)%‘07\‘00(“@ {W{m §t()<)

whch will be used t dafne sguare functims
[ ’ ¥ l < T Y
Recatl F[aé kernel JT s.t. dx )CC L Ced M ) tuct /%(,5_)>

()}\en X, #' O

[3]



S0 we chowse e basic comparison functim [} (x) as
n - & 4
P‘t (X) = t, fz xh tn jlz-l él t et tJ + /V, (X)) +ue /I‘/J&j)> ?

HEYB, /VJ ij) o~ (’(j I'/J and, &j ._-_céz-:]. d{ = J #J:j =J4J

J

Zm 32 2“:’@”" 1'} * r?t(x)1 < ¢ M((5)(x)

P§ 1€ suffices to consider t=(t, . t,) #at b £tz ¢ 2T
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