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Foreword

These note have been written primarily for you, the student. | have tried to make it easy to read and easy
to follow.

| do not wish to imply, however, that you will be able to read this text as it were a novel. If you wish to derive
any benefit from it, each page slowly and carefully. You must have a pencil and plenty of paper beside you
so that you yourself can reproduce each step and equation in an argument. When | say verify a statement,
make a substitution, etc. pp., you yourself must actually perform these operations. If you carry out the
explicit and detailed instructions | have given you in remarks, the text, and proofs, | can almost guarantee
that you will, with relative ease, reach the conclusions.

One final suggestion. As you come across formulas, record them and their equations/page numbers on a
separate sheet of paper for easy reference. You may also find it advantageous to do the same for Defini-
tions and Theorems.

These wise words are borrowed from Morris Tenenbaum and Harry Pollard from the beginning of their
book Ordinary differential equations. | could not have said it better and it certainly applies to this course.



HOW TO STUDY MATH

SR

Don't just read it; fight it!
-- Paul R. Halmos

Figure 0.1: Don't just read it; fight it. — Paul Halmos (The comic is abstrusegoose.com)
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List of symbols

Here | collect a couple of symbols used in the text and reference their definition for you to look up. There
are more symbols in Section 1.1.

RNo This denotes the set of all sequences (ay) ,eN, With a, € R for all n € Ny. (ap) eN, €
RNo is equivalent to say (@n)neN, < IR. The point of this notation is to stress that
(ay) is a point in a vector space.

QNo This denotes the set of all sequences (a,) ,eN, With a, € Q for all n € Ng. See also
Definition 1.3.

|- Absolute value of a real number. See Section 2.

- llx Is a norm on a linear space X. Some norms have special abbreviations as | - [|co =
|- lloo. Some norms on IR”™ have special notation too. See Sections 2 and 5.5.

CcQ) The set of continuous functions f: Q — R, Q < IR". See also Section 5.5.

% Differentiation operator with respect to x for functions f : (a, b) — R. See also Section
5.

6% Differentiation operator with respect to x; for functions f: Q — R with Q < R”. The

0 is used to indicate that the function depend on more than one variable. It is called
the partial derivative with respect to x;. See also Section 6.1.2.

= f If the f;, are functions then this symbol indicates that the sequence converges in a
sense to f. It should additional be indicated whether the convergence is pointwise
(Definition 8.1) or uniform (Definition 8.2).

m=rf This symbol usually means that the sequence (f,) ,eN, converges uniformly to f. In
this notes we indicate uniform convergence by specifically stating it. For the definition
of uniform convergence see Definition 8.2.

cl(Q) Let Q < IR” be a set. Then, cl(Q) denotes the closure of the set Q, i.e. it is the set of
all points of Q union with all limit points of Q in IR". See Definition 2.8.

Sub(V) The set Sub(V) is the collection of all subs-spaces of the (real) vector space V.



List of (named) theorems

This list is not complete and by no means all theorems you need to know. These are the most important

theorems of the class which you should be able to cite with assumptions and conclusions at all times. You

should also be familiar with the main ideas of the proofs.

Bolzano-Weierstrass in R
Intermediate Value Theorem
Extreme Value Theorem
Brouwer’s Fixed Point Theorem
Chain Rule

Fermat’s Theorem

Rolle’s Theorem

Mean Value Theorem

Generalized Mean Value Theorem
Taylor's Theorem

Heine—Borel Theorem

Heine’s Theorem

Fundamental Theorem of Calculus
Integration by Parts

Integration by Substitution
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. 14 (see also p. 79 for the IR version)

46

. 50 (see also p. ?? for the R” version)

48
61
65
65
66
??
??
80
82
102
105
106



List of important definitions

This list is not a complete list of all definitions you need to know. It is simply a help to quickly navigate
around the notes. The text also has an index and some work needs to be done by the reader in preparation
of tests and exams.

Vector space p-9

Scalar product p. 10
Linear map p. 13
Norm p. 21
Metric p. 22
Convergence of sequences p. 13
Cauchy sequence p. 14
Limit point p. 25
Isolated point p. 25
Open set p. 26
Open ball p. 23
Closed set p. 28
Closure of a set p. 29
Limit of a IR"™-valued function p. 31
Continuity at a point of R"*—valued functions p. 38
Piecewise continuous function p. 94
Local maximum p. 49
Global maximum p. 49
Bounded functions p. 49
Differentiability at a point p. 53
Derivative p. 54
Stationary point p. 64
The space Cla, b] p. 68
The space C*[a, b} p. 69
Total derivative p. 70
Partial derivative p. 73
Open cover p. 77
Compact set p. 77
Pointwise convergence p. 84



CONTENTS

Uniform convergence p. 84
Indicator function p. 89
Step function p. 90
Regulated function p. 94
Cauchy-Riemann-Integral p. 96
Riemann-Integral p. 97
Absolute integrability in IR p. 101
Absolute integrability in R” p. 22



Glossary

Please find some more here.

Ansatz. An ansatz is an assumption about the form of an unknown function which is made in order
to facilitate solution of an equation or other problem. Example: find an example fo a function with two
extrema. A suitable ansatz is then

f'(x) = alx - x0)(x - x1),

where xp and x; are the points in which you want the extrema to be. Another example is partial fractions.

Convexity. See Section 1.5.4. A function is said to be convex on an interval I = [a, b] iff
fAx+A -y =Af(0+A-Dfy)

for all x, y € [a,b] and all A € [0,1]. Another criterion is that the second derivative f” is non-negative
(f"(x) = 0 for x € I) on the interval. Sometimes, these functions are called convex downward or concave
upward. However, the latter names are uncommon in the academic literature and will not be used in this
course. A function f is called concave, if —f is convex. Another way to see convexity is to check weather
the graph is always under any secant line one can draw over a given domain. If the function is always
above, it ic concave.

Domain. The domain of a function is the set of input values for which the function is defined. The
largest possible set of such input values for which a function can be defined is called the natural domain.
Example: Let f:10,1] — IR be defined by f(x) = v/x. The interval [0,1] is the domain of f. However,
given the function f(x) = v/x, the natural domain is [0, +oo) since the square root (,/-) makes sense for all
non-negative real numbers.

Extrema. (pl.) The maxima and minima (also pl.) of a function are collectively known as extrema.'
Sometimes these points are called turning points. However, the latter name bears the possibility of being

confused with inflexion points.

Function. A functions is a mathematical relationship consisting of a rule linking elements from two sets
such that each element from the first set (the domain) links to one and only one element from the second
set (the image set or range).

"The singular form is extremum. It could be a maximum or minimum.
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Graph. Given a function f:dom(f) — IR, then the graph is the set
{(x, f(x)) : xe dom(f)} cR"" ™.

If n=m =1, the graph can also be represented by a picture in a xy-plane showing the curve y = f(x),
where x goes through (a part of) the domain.

Image. The image of a function f is the collection of all values that a function can take when the argu-
ment goes through the domain of f, i.e. the set

{f ) : xin the domain of f}.

Inflexion point. Inflexion points are the points at which a function changes from convex to concave or
from concave to convex. These can be found as the sign changing zeros of f”. Remember that the
second derivative may vanish at a point without changing sign. An easy example is f(x) = x*. (Show
that!)

Secant. In geometry, a secant of a curve is a line that (locally) intersects two points on the curve.

Stationary point. Given a function f, the stationary points of f: I <R — R are the points in the domain
of f at which f’(x) = 0. If the function depends on several variables, i.e. f:Q<cR" — R, the stationary
points are points in the domain of f for which V f(x) = 0.

Such that. A condition used in the definition of a mathematical object, commonly denoted : or |. For
example, the rational numbers @Q can be defined as

Q:{S:q#O,p,qu}.

In sentences, such that is sometimes abbreviated by s.t..


https://en.wikipedia.org/wiki/Stationary_point

CHAPTER

Prerequisites

1.1 Some notation used in this notes

Symbols handwritten vs. typed. |tend to use the the hash (#) to indicate the end of a proof when | am
writing something by hand. In this notes, the end of a proof will usually be indicated by a 1. If there is a
short "proof" in a remark, no indication of its end will be given as it is understood that it should be clear. In
these notes, | will not use any symbol to indicate contradictions in proofs by contradiction but simply state
that we have reached one. In the notes that | make by hand in the lecture, | will mostly use a lightening
bolt.

The Greek alphabet. | assume that everyone is familiar with the Greek alphabet and knows how to write
the letters:

a alpha 6 theta o omikron 7 tau

B beta 9 theta T pi v upsilon
Y gamma y gdamma ® pi ¢ phi

6 delta x  kappa o rho @ phi

€ epsilon A lambda p rho x chi

e epsilon pu mu o sigma v psi

{ zeta v nu ¢ sigma W omega
n eta & xi

I' Gamma A Lambda X Sigma ¥  Psi

A Delta 2 Xi Y Upsilon Q Omega
© Theta Im Pi ® Phi

Table 1.1: Greek Letters

Some more symbols. | assume that you are familiar with the meaning of some symbols described
below.

Symbol | Description

R real numbers
7 whole numbers,i.e. {...,-2,-1,0,1,2,...}
N natural numbers, i.e. {1,2,3,4,...}
Ny natural numbers containing 0
Q rational numbers
complex numbers

Table 1.2: Notation of certain sets.
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We have the following inclusions
NcNycZcQcRc.

An important class of sets are subsets of the real numbers, called intervals. An interval is a set of numbers
characterized by their left and right "boundary”. For example

la,bl={xeR: a<x<b}

which we read as the closed interval a, b. Closed means that it contains a and b. An open interval does
not contain the boundary points, i.e.

(a,b)={xeR: a<x<b}.
One can also consider the half-open cases
la,b)={xeR: a=sx<b}

and
(a,bl={xeR: a<x<b}.

We also denote the real numbers R by (—oo, +o0) at times. All numbers smaller than a would be denoted
by (—o0, a), all numbers smaller or equal to a by (—oo, a]. Similarly, one defines the sets of all numbers
larger that or larger or equal to a given number. If we have the situation that we describe x as having
either the property x = a or x < —a for a given a = 0, then we can write

{xeR: x=za or x<a}

which is the same as

X € (—oo0,—al Ula,+o0).

1.1.1 Operations on sets

Sets are collections of elements described by some property P. The standard notation for sets is
A={x: xhas property P},
where one reads: A consists of all x such that x has property P.

Definition 1.1 (Intersection/Union/Difference).

We denote by An B the intersection of A and B which means that An B contains elements that are
in A as well as in B. By AU B, we denote the union of the two sets A and B which means that AU B
contains elements that are either in A or in B. With A\ B, we denote finally the difference of A and B
that means that A\ B contains all elements in A that are not in B.

Remark 1.1. Of course the intersection and union is not limited to a finite number. If one has a family of
sets {A; : i € I} indexed by a countable or uncountable set I one can consider the sets (N;c; Ai and Uier A;.
For Example:

11
R=l-nn, {01=[) [——,— :

nelN nelN nn
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Definition 1.2 (Subset A < B).
Let A and B be sets. Then, we say that A is a sub-set of B, in symbols, A < B iff

VxeA = xeB.

We write A c B if we want to signal that A is a proper subset of B, i.e. there are elements in B that
do not belong to A.

Definition 1.3 (The set AB).
Let A and B be two sets. The, we denote the set of all functions f: B — A as AB.

Example 1.1. The set R are all real functions defined on the real line. The set RN is the set of all real
sequences seen as functions from Nq to R. With the latter we can write (a,) neN, € RNo and vice versa.

1.2 Some Linear Algebra (of real vector spaces)

We recall the following definition from Linear Algebra. If you do not remember it very clearly, please consult
your Linear Algebra notes too.

Definition 1.4 (Vector space).
A real vector space is a set V together with two operations +:V x V — V satisfying (Al) to (A4) and
-:IR x V — V satisfying (A5) to (A8). The conditions (Al) to (A4) are

(A1) There exists an element0€ V such thatv+0=v forallveV.
(A2) Forevery veV there exists an element —v € V such that v+ (—v) = 0.
(A3) Forall u, v, weV holds u+ (v+ w) = (u+rv)+ w.
(A4) Forallu, veV holdsu+v=v+u.
The conditions (A5) to (A8) are
(A5) ForallveV holds 1- = v, where 1 is the multiplicative identity of IR.
(A5) ForallveV anda, B€ R holds a(B-v) = (af) - v.
(A5) Forallu,veV andaelR holdsa-(u+v)=a-u+a-v.
(A5) ForallveV anda, BeER holds (a+f)-v=a-v+f-v.
If we want to emphasise that V is a real vector space, we write (V,IR) and if we would like to empha-

sise the operations as well, we write (V,IR, +,).

Exercise 1.1. Convince yourself that (R",IR) with

+:R"xR"—-R",

T T
;[yl,yz...,yn )"—’ [x1+y1,x2+y2...,xn+yn

([xl,xg...,xn
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and

~RxR"—-R"
T

()L,[xl,xg...,xn T)—> [/lxl,ﬂtxg...,/lxn
is a real vector space in the sense of Definition 1.4.
Exercise 1.2. Convince yourself that (RNo,R) (see Definition 1.3) with
+:RNo x RNo — RRNo,
((@n), (bn)) = (@n + bp)
and
R xRN — RN
(A, (an)) — (Aay)

is a real vector space in the sense of Definition 1.4. Thus, sequences can be seen as points in a vector
space and we can try to apply intuitive geometric reasoning to this setting.

Remark 1.2. The space (RN, R) in the example above is a neat example of an infinite dimensional vector
space. For further details on dimension compare your Linear Algebra | notes.

The following remark is for further study and understanding and not examinable.

Remark 1.3. The special choice of the field R in Definition 1.4 is only for the purposes of this lecture. It
can be replaced by any field . If the notion is familiar to you, you might recognize that (V,+) is a group.
If you are familiar with these terms you can try to think about IR as a vector space over Q), i.e. you replace
V by R and R by Q in the above definition. In this course, we will be concerned with real vector spaces
only.

Definition 1.5 (Scalar product (inner product)).
Let V be a real vector space. A function {-,-) : V x V — R will be called a scalar product if it satisfies
the following conditions:

e ForallveR", we have (v, v) =0 and (v, v) =0 iff v = 0. (Positive definiteness)
e Forallu, veV, we have (u, vy = (v,u). (Symmetry)
e Forallu, v,and weV, and a, f € R we have

(u,av+ pw) = alu, vy + Bu,v). (Linearity)

Remark 1.4. In the above definition, tanking property (ii) and (iii) together, we obtain For all u, v, and
w eV, we have {(au+ Bv, w) = alu, w) + p{v, w) as well.

Example 1.2. The most important example in our context is

Xy =) Xiyi. (1.1)
izl


https://en.wikipedia.org/wiki/Field_(mathematics)
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This scalar product induces the Euclid norm

n
Il = V<x, xy =1/ Y 1xil? = [ x]l2.
i=1

This scalar product in, especially in applied mathematics, often denoted by a thick dot and called dot-
product: (x|y) = x-y = x"y. Since (1.1) is not the only possibility, we introduced {-,-y to symbolise a scalar

product.
The following remark is for further study and understanding and not examinable.

Remark 1.5. There are many scalar products that one can establish onIR". An example forn=2 is
XYy =x1y1+2X%2)2 — (X1)2 + Y1X2)
for all x, y € R?. Use the above definition to compute the scalar product {x, y) for

x= [1,2]T, y= [—3,1]T.

Proposition 1.1 (Scalar products induce norms).
Let V be a real vector space with scalar product (:|-). Then, the scalar product induces a norm by

lxll = v/{x, x).

Exercise 1.3. Use the definition of a scalar product to prove that | x|| = v{x, x) is a norm as stated in the
last proposition. For the definition of a norm, 2.1.

Remark 1.6. It should be remarked that not all norms onIR" (or any vector space) are induced by a scalar
product. For example, there is no scalar product on R" that induces any of the || - |, norms for p # 2. For
the definition of the latter see Example 2.3.

Remark 1.7. Scalar products satisfy a very important property for Analysis, the so-called Cauchy-Schwarz

inequality. See Theorem 1.7. This inequality says that

Ky, wy| < v/ (v, v)V{w, w).

The Cauchy-Schwarz inequality implies

(v, w)
< <
lv]lw|
for v, w e R™\{0}. This allows us to introduce angles / (v, w) between vectors v, w by

(v, w)
[vllw|’

cos(Z(v,w)) =

1.2.1 Basis and dimension

Definition 1.6 (Linear combination).
Let V be a real vector space and {v,..., vy} < V we call any combination of the type

k

QLU+ AV = Y iV,
i=1


http://demonstrations.wolfram.com/DotProduct/
http://demonstrations.wolfram.com/DotProduct/
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where the a; € R, i =1,..., k a linear combination of {vy, ..., vj}.

Definition 1.7 (Linear dependence).
A set{v,...,vi} <V is called linearly dependent if it is possible to write

k
0=> a;v;, (1.2)
i=1
where not all a; are equal to zero. If (1.2) is only possible a1 = az = --- = ar =0, the set is called

linearly independent.

Definition 1.8 (Maximal independent set).
A set B< V is a maximal independent set if Bu {v}, for every v e V'\ B is a linearly dependent set.

Definition 1.9 (Dimension).
Let V be a vector space and B <V be a maximally independent set. Then, the dimension of V, is
defined to be |B|, in symbols: dim(V) = |B|.

Definition 1.10 (Basis).
Let V be a real vector vector space. A set B <V is called a basis if it is a maximally linearly
independent set.

Definition 1.11 (Linear hull).
Let V be a real vector space and U < V be a subset. Then, the we denote by span(U) the set of all
finite linear combinations of elements in U. We say span(U) is the span of U or the linear hull of U.

Proposition 1.2.
Let V be a real vector space and B <V be a basis. Then span(BB) = V.

Example 1.3 (Canonical/standard basis). We define

0 i#]
This function is refereed to as Kronecker-6. We then set
6i1
Oi2
e;= , 1€fl,...n}
Oin

Then, the set{e; : ni € {1,...,n}} is a basis of R"* and usually referred to as the standard basis or canonical
basis of R". Since it is a basis, we have for all x e R" that

X1
n
x=|:]=) xie.
i=1

Xn
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1.2.2 Linear maps

Definition 1.12 (Linear map).
Let U and V be two real vector spaces. Then, amap L:U — V is called linear iff

(i) LAAu) =ALu forall AR and ue U, and

(i) Lu+v)=Lu+Lv forallu, ve U.

1.3 Sequences

Definition 1.13 (Boundedness of sequences).
A sequence (an) ,eN, S R is bounded iff there exits a C > 0 such that

lay|<C Vn=0.

Definition 1.14 (Convergence of sequences).
A sequence (an) ,eN, S IR converges iff there exists an a such that any € > 0 there exists an index ng
such that |a, — al < € for all n = ny. The value a is called the limit of (an) e, - In Symbols, we write

lim a,=a
n—+oo

or

a,—a for n— +oo.

Proposition 1.3 (Uniqueness of limits).
Let (an)neN, SR be convergent. Then the limit is unique.

Exercise 1.4. Prove Proposition 1.3. (Hint: Assume there are two different limits and show that they must
be equal.)

Definition 1.15 (Sub-sequence).

Let (ay) € RINg. Then (bn)nen, /s called a subsequence of (an),eN,, in Symbols (by)peN, S
(@n) neN, - iff all of the elements of (a,) e, 0ccur amongst the elements of (an) e, in the same
order.

Proposition 1.4 (Convergence of sub-sequences).
Let (an) neN, € R be a convergent sequence. Then, all sub-sequences converge every sub-sequence
converges to the same limit.
Proof. Let (an),eN, IR be convergent, i.e. there exists an a € IR such that
Ve>03ny: lay—al<e Vn=ny. (1.3)

Let now (an)keN, S (@n)neN, b€ a subsequence of (a,),eN,- Since ng = k, we have if k = ng that
ni = ny. Thus, from (1.3), we get |ay,, —al < ¢ for k= ng. Thus, a,, — a for k — +oo. O
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The converse of the last proposition is also true and yields

Theorem 1.1.
A sequence (an) e, S R is convergent iff every subsequence converges to the same limit.

Exercise 1.5. Prove Theorem 1.1.

Exercise 1.6. Find a sequence that has three sub-sequences that converge to three different limits. (Hint:
it is not always necessary to think in formulas.)

Proposition 1.5 (Boundedness of convergent sequences).
Let (an)neN, SR be convergent. Then, (ay) is bounded.

Exercise 1.7. Prove Proposition 1.5.

Theorem 1.2 (Arithmetic properties of sequences).
Let (an) neN, SR and (by) nenN, € R be sequences with a, — a and b, — b as n — +oo. Then, one

has
(i) Mim (an+bp)=a+b,
(ii) nEer anby, = ab, and
i) lim =2 ifp, #0 foraline Ny and b#0
(i) nir_{loob—n—gl n#0 forallne Ny and b #0.
Proof. See your notes from Analysis | or regard it as an exercise. O

Remark 1.8. The number of different convergent sub-sequences is not limited. The sequence
1,1,2,1,2,3,1,2,3,4,1,2,3,4,5,...
has infinitely many such sub-sequences. For every natural number k € N there is a subsequence (ay,)

with a,, — k as | — +oo.

Theorem 1.3 (Bolzano—Weierstrass).
Every bounded sequence (an),eN, SR has a convergent subsequence.

Proof. See your notes from Analysis |. We will prove a more general version later this semester. O

Definition 1.16 (Cauchy-sequence).
Let (an) nen, € R be a sequence. We say that (an),enN, is @ Cauchy-sequence (fundamental se-
quence) iff for any € > 0 there exists an index ny such that |a, — an,| < € for all m, n = ny. With

qualifiers this reads as

Ve>0 3dAngelN Vm,n=ny = l|ap—aml<e

Exercise 1.8. Prove that any subsequence of a Cauchy sequence is a Cauchy sequence.
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Theorem 1.4 (Boundedness of Cauchy sequences).
Let (an) neN, SR be a Cauchy sequence. Then, (an) neN, s bounded.

Proof. Fix € >0 and choose ny such that |a,, — a,| < € for all m, n = ny. Setting m = ny, we then get
la, — au,| < €. Thus, we have

Apy—€<Ap < ap,+€

for all n> ng. Then, an upper bound for the sequence (a) ,eN, is given by
max{ag, ai,..., any-1, any + €}

and a lower bound by

min{ag, ai,..., Any-1, an, — €}

Proposition 1.6.
Let (an) neN, SR be a sequence with limit a. Then (an) e, € R is a Cauchy sequence.

Proof. Let (an),eN, be a sequence with a, — a. Let € >0 and ng such that |a, —al < g Then, we get for
m, n = ny that

£ €
Ian—aml:Ian—a+a—am|$Ian—a|+|a—am|<5+§<e.

We also have a converse to Proposition 1.6.

Proposition 1.7.
Let (an) neN, SR be a Cauchy sequence. Then there exists an a € R such that a, — a for n — +oo.

Proof. From Theorem 1.4, we know that (a,),cN, is bounded and from Bolzano—Weierstrass we know
that there exist a convergent subsequence (an,);,eN, € (@n) neN,- Now we show, that (a,) ,eN, has the
same limit. Let a be the limit of the convergent subsequence (an, ), en,- Let € >0 and choose ki such
that |a,, —al < § for all k = k;. Further, choose k» such that |ap, — am| < § for all m, k = k». Now, let
ko = max{k;, k»}. Then

£ €
Iam—alzIam—ank+ank—a|slam—ank|+|ank—a|<§+§<e.

Thus, taking the last two propositions together, we have

Theorem 1.5 (Cauchy criterion for convergence).
Let (an) ne, € R be s sequence. There exists an a € R such that a, — a for n — +oo iff (an) yen, € R
is a Cauchy sequence.
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Remark 1.9. Theorem 1.5 is only valid for sequences in R"™ and ". In general, as you can learn in the
module Metric Spaces, Cauchy sequences do not necessarily have limits. If one considers for example a
sequence of rational numbers then there are some, e.g.

1
Xp = 5 Xp-1+

2

Xn—-1

), n=1

with xo = 1, which converge to irrational numbers. Here, x, — V2. Thus, the limit exists only if the
sequence is considered to be in R. This property is called completeness.

Theorem 1.6 (Limits respect inequalities).
Let (an) neN, SR be a sequence and suppose that a, < C for all n € Ny. Then, iflim;,—. . a, exists,
it holds

lim a, <C.

n—oo

Remark 1.10. The < in Theorem 1.6 can not be replaced by < as the example a, = % shows fo which

0 < ay,, but the limit is equal to 0.

Exercise 1.9. Prove Theorem 1.6.

1.4 Series

Let (an)neN, € R be a sequence. The, the infinite sum
+00
2 an
n=0
is called a series. We call the finite sum N
SN = Z an

n=0

the Nth partial sum of Y0 a,.
Definition 1.17 (Convergence of series).

a4y
n

We say that Y. "0 a, converges if it sequence of partial sums (Sy)nen, converges. We say that
0 0

+ 3 if y"+00 3
> 20 an is absolutely convergent if Y720 |ay,| is convergent.

Remark 1.11. If a series is not convergent, we say it is divergent.
Since we have Theorem 1.5, we can conclude

Corollary 1.1.

The series Y12, a, converges iff the sequence of its partial sums (Sy)nen is @ Cauchy sequence.

+

Remark 1.12. Writing Corollary 1.1 in other words: The series 3.,

20 an converges iff for any € > 0 there

exists an index Ny such that
n

Y. ai

i=m+1

<E&

foralln=m= Nj.

Let us conclude a first rather obvious property.
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Proposition 1.8.
Let Z;Z‘(’) an be a convergent series. Then a,, — 0 for n — +oo.

Proof. Since Y.} % ay is convergent there exists an S such that

lim SN =S.
N—+oco

Since a, =Sy, — Sy, , using Theorem 1.2, we obtain

T 0= A (S = Suma) = i Sn = Hm Su-a =0.

The proof also follows from Remark 1.12 choosing m = n+1 which is the just the definition of lim,,—. .o @, =
0. O

Remark 1.13. One can not say much more than a, — 0 for a convergent sequence. Since the harmonic
sequence is divergent, we know that |a,| < n~'. No better estimate can be obtained.

1.5 Elementary properties of functions of one variable

1.5.1 Restrictions of functions

Let A and B be sets and f: A — B be a function. Now let C = A. We want to define the restriction of the
function f to a subset C of its domain. By that we mean the function g: C — B with x — f(x). We denote
gby f c which we speak as f restricted to C.

1.5.2 Monotonic functions

Definition 1.18 (Strictly monotone functions).
Let IR be an interval and f : I — IR. Then, f is called

« strictly increasing if f(x) > f(y) forall x> y € I, and
- strictly decreasing if f(x) < f(y) forall x> yeI.
If the strict inequalities are replaced by = and <, we speak of non-decreasing and non-increasing

functions respectively.

Remark 1.14. With a slight abuse of words, we say (monotonically) increasing when we mean non-
decreasing, i.e. f(x) < f(y) if x <y and (monotonically) decreasing when we mean non-increasing, i.e.
fO=fyifx=y.

Remark 1.15. We say a function is monotone if it is either monotonously increasing or decreasing on it
domain. Which one it is depends on the function. For some theorems it is only important that the function
is either increasing or decreasing but not which one it is. For example, having a continuous function f
which is strictly monotone, is invertible, f~' exists.

1.5.3 0dd and even functions
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Definition 1.19 (Odd/even functions).
Let f:R — R. Then, we say that

« the function f is odd iff f(—x) = —f(x) for all x e R, and

- the function f is said to be even iff f(—x) = f(x) for all x € R..
Remark 1.16. Odd/even functions can be defined on intervals too but one needs to take some care with
respect to the symmetry property.

Remark 1.17. Itis easy to see that every function f : IR — R can be written as the sum of an odd function
foaa and an even function feyen, where

1
~(f(x) = f(=x),

fodd(x) = >
1
Seven(x) = E(f(X) + f(=x)).

Examples are sinh(x) and cosh(x) which are odd and even part of e*.

1.5.4 Convex and concave functions

Definition 1.20 (Convex/concave function).
Let f:IR — IR be a function. We say that f is convex on the interval [a, b] iff

fAx+A-Dy) s Af(x)+A-Df(y)

for all x, y € [a,b] and all X € [0,1]. A function f is called concave iff —f is convex.

Proposition 1.9 (Jensen’s inequality?).
Let f:IR — IR be convex. Suppose that xi,...,x, € R and A1,...,Ay € [0,+00]) with ¥ | A; = 1.
Then,

Juxy+-+ Anxp) S ALf () + -+ + A f(Xn)

holds.

@Named after the Danish mathematician Johan Jensen (1859—1925).

1.6 Elementary inequalities

Inequalities are one of the most important tools in Analysis. The ones of this and the next section must be
in you head at all times.

* Let a, b be non-negative real numbers. Then min{a, b} < a+ b <2max{a, b}.
s Leta=1,then 1 <1

. iti 1 1 _1
Let a, b be positive real numbers. Then, v and 5 =

SIE

* Let a, b, and ¢ be non-negative real numbers. Then a+b—-c<a+band a-c<a+b-c and
b—c<a+b-chold true. If b—c>0, one gets also a<a+b—-c and if a—c > 0, one gets

b<a+b-c.
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* Let a, b be two real numbers. Then
la+ b| <|al+|b| (1.4)

holds. This is called triangle inequality.

* Let a, b be two real numbers. Then
[lal —1bl| < |a— b

holds. This is called the reverse triangle inequality.

Example 1.4. We need these rather obvious inequalities often in the analysis of sequences. For example,
there exists an ny € IN such that

\%

1 1
5—2 Vn=ng.

n+n " n

L the situation is less obvious. However, since there exists a ngy such that

n-n

If we have a sequences as
2 .
% —n=1forall n= ny, we can estimate

1 1 SV
= = — n=ny

2 _ 2 2 2

L At

Exercise 1.10. Analyse the convergence of the series

+00 n

)3

o nt-n3+2n?-n+1

+00

by estimating it against the convergent series Z Pt
n=1

Exercise 1.11. Show that for any x € R", one has

|x1]+---+|x,] < n max |x;].
i=1,..,n

Interpret this in the light of Example 2.3.

1.7 Cauchy-Schwarz, H6lder, and Minkowsky

The inequalities in this chapter are immensely important and need to be memorized.

Theorem 1.7 (Cauchy—Schwarz inequality).
LetacR" and b e R". Then

1 1

n 2(n 2
a;b; < (Z |“i|2) (Z |bi|2) :
i=1 i=1

M=

i=1

In shorter notation?, we can write
[{a,by| < llal2llbll..

4See also Definition 1.5 in Section 1.2.

Proof. One proof of this inequality is on the problem sheet for you to find. The solutions contain two
different proofs an here | will present another one that one of your class-mates found. To keep the notation
simpler, we adopt for a moment the applied mathematicians habit of denoting [|x|l2 by |x|. Without loss of
generality, we can assume that @ and b are in R™ \ {0}. (Why can we do that?) The define

v=|alb-|bla. (1.5)
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Since we have (v, v) =0, we compute

({lalb—|bla,|alb—|bla)
(lalb,|alb) + {|alb,~|bla) + {~|bla,|alb) + (—|bla,—|bla)
2lal®|b* -2|allbl{a, b) = 0.

(v, v)

From the last line, dividing by 2|al|b|, we get the Cauchy—Schwarz inequality. (Work out what properties
of the scalar product have been used in this proof. See Definition 1.5). O

Exercise 1.12. Try to understand the geometry of the proof above. Use your knowledge from Mathemati-
cal Methods II. Show that it can also be proven using the identity || xlli = (x, x) on the vector v = ﬁ - ”y%

Exercise 1.13. As another exercise on the manipulation of scalar products try to show

x5 1yll3
) <—
oyr== 2

by usingv=x-y.

Remark 1.18. The case p = oo is very easy to prove. It only relies on the triangle inequality for real
numbers (see (1.4)): |a; + b;| <|a;| + |b;| foralli =1,...,n implies

max |a; + b;| < max |a;|+ max |b;].
i=1,.,n i=1,.,n i=1,.,n
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Length and distance in R”

Definition 2.1 (Norm (length) on R").
A function || - || : IR™ — IR is called a norm if

(P1) x|l =0 for all xe R™ and || x|| = 0 iff x = 0. (Positivity)
(P2) Forall AeR, xeR", |[Ax| =|Allx|. (Homogeneity)

P3) Forall x, y e R", we have
(! y

lx+yl<lxll+lyl. (Triangle inequality)

Remark 2.1. A vector space which is equipped with a norm, is called a normed vector space. The symbol
|- I stands for any function R"* — R satisfying the three conditions in the definition above.

Remark 2.2. In the definition above, one can replace R" by any real/complex vector space if one modifies
the properties accordingly. See your notes from Linear Algebra for further details. In Section 5.5, we define
norms on function spaces.

Example 2.1. The easiest example for a norm is the absolute value function |-| which is defined on R as

x : x>0
|x| = .
-x : x<0

Itis clear that |x| = 0 for every x € R as well as |x| =0 iff x =0. To show P2 we take a A € R and obtain

Ax : Ax>0
[Ax] = =|Allx].
-Ax : Ax<0

The triangle inequality |x + y| < |x| +|y| for x,y € R is a well known fact. See also Section 1.6. Thus, |-| is
anormon IR in the sense of the definition above. The - indicates where the argument goes in the symbol.

Example 2.2. The second example for such a function is the well known Euclidean length which is defined

as
n
lxllz =\/x3+ x5+ +x5 = Z‘ixlz (2.1)
iz
for any x € R". In school and applied mathematics || - ||» is often denoted by |-|." If n =1, we get that

x|l = Vx2 = |x| is the usual absolute value.

1Mostly, we do not use this notation since we reserve it for the absolute value function | -| defined on the number line R.

21
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Exercise 2.1. Prove that || - ||, fulfils Properties P1 to P3 in Definition 2.1.

Example 2.3. The 2 in the definition of | - |l in (2.1) plays no special role other than giving the familiar
Euclidean distance from the origin of R" to x which we call length of x. Since there is an everyday
meaning to this word, we will generally be speaking about norms since it is sometimes useful to speak
about lengths that are defined in different terms. We set

n 5
lxllp = Z |7 |
i=1
where p may be in [1,00). We can extend the definition of || - | , to p = oo if we set

Ixlloo = max |xi| = max{|x1],|x2l,...,[xnl}.
i=1,..., n

Let us now introduce the notion of a distance (more generally metric) on R”.

Definition 2.2 (Metric (distance) on R").

A function d : R" xIR"™ — R is called a metric (distance) if it satisfies
(H1) Forany x, ye R", we have d(x,y) =0 and d(x, y) =0 iff x = y. (Positivity)
(H2) Forany x, ye R", we have d(x,y) = d(y, x). (Symmetry)
(H3) Forany x, y, and z€ R", we have

dx,y) =d(x,2)+d(z,y). (Triangle inequality)

Remark 2.3. Metrics can not only be defined on vector spaces. This more general theory leads to metric
spaces which you can study in the module Matric Spaces in your third year.

Example 2.4. A well-known example for a metric is

n
dy(x,y) = llx=yll2 = | X 1xi = yil?,
i=1

This is the so-called Euclidean distance of x and y inIR". We say this metric is induced by the Euclidean
norm |- |l2. Let us check the properties (H1) to (H3). Since we have dy(x,y) = |x—yl2 =0 (see (P1) in
Definition 2.1), (H1) follows. By (P2) in Definition 2.1, we get

da(x, ) =lx=yla=lIl-=2l2=1-1ly—xl2 = d2(y, x).
Finally, we have
d(x, ) =lx=yll2=lx-z+z=yl2<llx—-zl2+ 2= yll2 = d2(x,2) + d2(z, y)
by (P3) in Definition 2.1.

Example 2.5. The norms defined in Example 2.3 provide another possibility to define distances on R".
We get

|xi_J/i|p) . (2.2)

n

14

dyx, ) =llx=ylp= (
1
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T T
Exercise 2.2. Take x = [1 1 1] and y = [—1 -2 5] and compute their distances with d,, for
p=1,2,andoco.

Exercise 2.3. Using the properties of norms, try to prove that d,, defined in (2.2), is a metric on R"
according to Definition 2.2.

Remark 2.4. As you have seen there is some hierarchy here. Scalar products on IR" induce norms (by
lxll = v{x,x)) on R" and norms induce metrics (by d(x,y) = |x—yl). However, you can have metrics
that are not induced by norms, norms that are not induced by scalar products (e.g. |-, p # 2). For the
notion of scalar products refer to your Lecture Notes of Linear Algebra.

2.1 Open ballsin R"

Definition 2.3 (Open ball of radius r around x € R").
We define open balls of radius r > 0 around a point x € R" by

Br(x):={yeR": dx,y)<r}.

Remark 2.5. For the moment, the name open ball is unjustified. We will introduce the notion of openness
as well as prove that the open ball is indeed open in the next section.

Example 2.6. Let us considern=1, d(x,y) =|x—yl|. Then, for x€ R and r >0, we have
B, (x)=(x—-rx+r1).

By the definition of an open ball, we have

B, (x) {yeR:d(x,y)<r}

{y:R:lx—-yl<r},

i.e. to see what the set B, (x) is, we have to solve |x — y| < r for y and obtain

lx—yl<r
& —r<y—-x<r

© X-T<y<Xx+r

which, with the notation from Section 1.1, means that y € (x—r,x+71).

Remark 2.6. Ifd(x,y)=x— Yllp, we get that

Br(x):={yeR": lx—yl,<r}.
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Figure 2.1: lllustration of the definition of B, (x).

Example 2.7. Using the definition of d,, by (2.2) we get the open balls B, (x) associated to d, as

1
n ]
B/(x) = {ye]R”:(lei—yil”) <r},

i=1

n
{yeR":ZIxi—yi|p<rp}.

i=1

Draw some pictures of balls with different p values. Can you reproduce the pictures for the values p =1,
2, oo that we looked at in class?

Example 2.8. Let us define the following sets

Bil)(o) {yEIR,23||Y||1=1}’
BP) := {yeR’:lyl.=1},

B (0) {yeR?: Iyl = 1}.

The sets above are the unit circles in R? with respect to the distance measures d., do, and ds. for the
definition of those, see (2.2).

R
N/

Figure 2.2: The unit-spheres B{" (0) (gold), B\ (0) (blue), and B\*(0) (red).
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2.2 Three important notions for subsets Q c R”

Definition 2.4 (Limit point of Q € R").
LetQ < R"™. Then, p e R" is called a limit point of Q) iff for all € > 0, the set B¢(p) N Q is neither equal
to @ nor to {p}. (This means that B.(p) N Q contains more than one point for all € > 0.)
Example 2.9. Let us discuss a list of examples illustrating the last definition:
* LetQ=(0,1). Then, every point p € (0,1) and p =0, p =1 are limit points of Q.

« Consider the open ball B, (x). Then all points p € B, (x) are limit points of B, (x) as well as all points
pe{yeR":d(y,x)=r}.

e Consider {—17,4,6,264,1034}. This set has no limit points. Similarly, N, Ny, and Z have no limit
points.

« The set of all limit points of © is R. This follows from the density? of the rational numbers in the real
numbers.

Proposition 2.1 (Characterization of limit points of Q € IR").
LetQ cR". Then, p € R" is limit point of Q) iff

Ve>0 theset B:(p)nQ s infinite.

Proof. The proof of this proposition is on Problem Sheet 3 and thus in the respective solutions. O
From that we get immediately
Corollary 2.1.
LetQcR" and p e R" be a limit point of Q.. Then there exists a sequence (py) ,eN, S Q\ {p} such
that p, — p as n — +oo.

For later use, let us introduce the notion of an isolated point.

Definition 2.5 (Isolated point of Q = R").
LetQ cR". Then, p € Q is called an isolated point of Q iff

Je>0: B:(p)nQ={p}.

It follows immediately from this definition, that limit points can not be isolated. See also Proposition 2.1.

2This means that for every x € R, the ball (x—r, x + r) contains a rational number however small one chooses r > 0.
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Figure 2.3: lllustration of an Isolated point with neighborhood B, (p).

The next notion is very central and the basis of what is called topology. Sometimes we will refer to the
collection of all open sets, in our case generated by a metric or norm, as a topology on the space.

Definition 2.6 (Open sets).
A set Q cIR" is called open iff
VxeQ Je>0: Bg(x) Q.

Figure 2.4: lllustration of an open set.

Remark 2.7. The definition above can intuitively be read as follows: changing x only ever so slightly does
not lead to leaving the set or, since we are in a vector space, at every point of the set we can go a, possibly
very small, step in any direction without leaving the set.

Remark 2.8. Intuitively, open sets provides a method to distinguish two points. Two points p; € R" and
p2 € R are different iff there exists a € > 0 such that B¢(p1) N B¢(p2) = @. Let us, for instance, consider a
convergent sequence (an) ,eN, SIR" and assume that there are two limits p1 and p,. Now, we show that
p1 can not be distinguished from p, and that, therefore, p, = p». Since a, — p1 and a,, — p2, we get that
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for all € > 0 there must be an ny such that a,, € B:(p1) and a,, € B:(p2), .. an € B¢(p1) N Be(p2), for all
n=ng. Hence, B:(p1) N B:(p2) is never empty. Thus, p1 = p».

SR % A /
.-:{F’!- )
e L Lo Bé(f,) N BEU’Q i

:> P., ¥ F(_

Figure 2.5: Separating two points by open sets.

We can reformulate convergence with the help of open sets.

Theorem 2.1.
A sequence (an)neN, S R" is convergent to a € R" iff for all € > 0 the set {k € No : xi ¢ Bc(a)} is
finite.

Proof. We first prove [=]: Let (a,) e, S IR" be convergent with a, — a. Then, there exists for all ¢ > 0
an ng € N such that d(a,,a) < € for all n = ny, i.e. a, € Bs(a). Thus, for all € > 0 there are at most
ng = ng(e) — 1 elements a,, for which a, ¢ B.(a). To prove [<], we assume that {n € Ny : a, ¢ B:(a)} is
finite for all € > 0. Let ng = ny(e) be the maximum of this set. Then, for all € > 0 there exists 7iy, given by
ng + 1, such that d(n,, a) < € for all n = iy, since a;, € B¢(a) for n = fiy. This concludes the proof. O

Exercise 2.4. find an example which shows that the following statement is not true. A sequence (an) neN, S
R" is convergent to a € R" iff for all € > 0 the set {k € Ny : x. € B¢ (a)} is infinite.

Example 2.10. Let us discuss a list of examples illustrating the definition of open sets:

« Open intervals (a, b) are open. Closed intervals [a, b] are not open as are intervals of the form [a, b)
and (a, b).

« The open ball B;(p) for p € R" is open. To see that we pick an arbitrary q € B,(p) and show that
there exists an & > 0 such that Bs(q) < B, (p). This is the case if we choose € € (0,r — d(p, q)).

Figure 2.6: The open ball B, (p) is open.
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 The whole space R" is open for any n=1 as well as @.

Remark 2.9. Let us show that the interval (a, b) is open. If, a = b, we have (a,b) = ¢ and, therefore, (a, b)
is open. Now, let a < b. Then, for x in(a,b), we need to find a ball B;(x) = (x—r,x+ 1) with r >0 such
that B, (x) < (a, b). We can achieve that by choosing r = min{d(x, a), d(x, b)} = min{|x — al, |x — bl}.

Proposition 2.2.
Let Q < IR" be an open set. Every p € Q is a limit point of Q.

Remark 2.10. Note that this proposition does not imply that all limit points are contained in Q. It merely
states that open sets can not have isolated points. Take B1(0) as an example. All x € By (0) are limit points
of B1(0) but also the points of {y e R" : d(y,0) = 1} are limit points and are not contained in B;(0).

Proof. Let p € Q. Since Q is open, there exists an € > 0 such that B:(p) < Q. This remains true for
all ¢’ € (0,¢) since By (p) < Be(p). Hence, for all €' € (0,¢], we have B./(p) N Q = By (p) which is never
empty not only one point. If ¢’ > ¢ we can not have B,/(p) N Q since this set always contains B¢ (p) since
B:(p) < B./(p). The set B.(p) is neither empty not only one point. Thus, we have proven that

Ve>0: Bg(p)mQ;é{
{p}

which is the definition of a limit point. This concludes the proof. O
Exercise 2.5. Use the statement of Proposition 2.2 to prove that, besides @, no finite set can be open.
Now, we give a name to sets that contain all their limit points.

Definition 2.7 (Closed set).

A set Q cIR" is called closed iff every limit point of Q belongs to Q.
Example 2.11. Let us discuss a list of examples illustrating the last definition:

 Closed intervals [a, b] are closed. Open intervals (a, b) are not closed as are intervals of the form
[a, b) of (a, b].

e LetxeR™ and r > 0. Then, the closed ball {y e R" : d(x,y) < r} is closed as well. It is the set of al
limit points of the open ball B, (x).

* The set
{yeR":d(y,x)=r},

called the closed ball of radius r, is closed.
 The whole space R" is closed for any n =1 as well as @.

- All finite sets {xy,...,xn} €IR", including @, are closed. (In Exercise 2.5 you have proven that the
set of limit points of finite sets is . Since @ is a subset of every set, finite sets contain all their limit
points and are, therefore, closed.)
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Example 2.12. Let us show that the set
By(x):={yeR":d(y,x) <1},

is closed. To show that, we have to show that no point not contained in B, (x) is limit point of B,(x). Let

y € R*\ B,(x). Then there exists € >0, e.g. given by € = %, such that B;(y) N B, (x) = @. Thus, y

can not be limit point of B, (x). Thus, all limit points of B, (x) must be contained in B, (x) which concludes
the argument.

Figure 2.7: lllustration of the argument for the closedness of B, (x).

Remark 2.11 (Characterization of closed sets by limits).

Let us state an alternative characterization of closed sets:

LetQcR". Then, Q is closed iff for all Cauchy-sequences (x,) neN, S we have that nlilll Xn €Q.
—+00

Exercise 2.6. Prove the equivalence stated in Remark 2.11.

Remark 2.12. Even though the names might suggest otherwise, open and closed are not mutually exclu-
sive. For example, the set IR is open and closed as is R" in general. Also the set @ is open and closed.
See also the next proposition.

Definition 2.8 (Closure).
Let Q< TR™ and denote by Q' the set of all limit points of Q. Then, we define the closure of Q by

@ =QuQ.
Remark 2.13. By definition we have that cl(Q) is closed and that Q) < cl(Q).

Proposition 2.3 (Characterization of open/closed sets).
AsetQcR" is

* open iff Q¢ =IR™\Q is closed, and

* closed iff Q¢ =IR™\ Q is open.

We can prove the following

Proposition 2.4.
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Let Q1, Oy <IR" be open/closed. Then, the sets O, N Qy and Q; U Q, are open/closed as well.

Proof. Let us first prove the assertion for open sets. Let Q; and Qp be open. Then Q; NnQ, is open.
Indeed, let x € Q1 NQ,. Then, there exists an &; > 0 such that B, (x) = Q7 and an &, > 0 such that
B, (x) € Qp. Thus, we have that B:(x) € x € Q1 N Q, if € = min{ey, e2}. Thus, Q1 NQ, is open. Let now
x€0QUQy. Then, there exist €1, €2 > 0 such that B, (x) € Q; or Be, (x) € Q2. Thus, either B, (x) € Q,UQ»
or Be, (x) € Q1 UQy. Hence, Q1 UQ; is open.

For the proof for the closed sets, we use the De Morgan rules for sets. Let Q; and Q, be closed. We can
write (Q1 N Q)¢ =QfUQS and thus Q; NQ, = (QF UQS)®. Then, by Proposition 2.3, we have that Qf and
QS are open which, by the first part of the proof, gives that Qf U QS is open. Again, by Proposition 2.3,
we have that (Qf U Q$)° is then closed, i.e. Q1N is closed. A similar argument proves the remaining
case. O

2.2.1 Alist of exercises

All exercises here can be done by using the definitions: We consider all sets to be subsets of R" and the
metrics d used in the definition of the open ball in Definition 2.3 are one of the d, introduced in Example
2.3. If nothing else is said, we use

1
n 2

dry(x,y) = llx—=yll2= (Z |xi_J’i|2) .

i=1
1) Let Q <IR" be an open set. Prove that every p € Q is a limit point of Q.
2) Prove that ¢ is closed and open.
3) Prove that a finite set {x1,..., xx} € IR" has no limit points.
4) Prove that N has no limit points.
5) Prove that there is no finite open set other than @.

6) Prove that all finite sets {x1,...,xy} SIR" are closed.
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Limits of Functions

First let us set up some language to consider functions with values in IR”". Suppose Q € R" and

{ f:Q—-R" 3.1)
x— f(x)

be a map. We recall that Q is then called the domain of f, in symbols dom(f) := Q and R™ is called
the co-domain. Further, we define the image of f by im(f) := {f(x) : x € dom(f)}. In general, we have
im(f) cR™.

Then, f(x) = f(x1,...,Xy,) is a vector, and thus, also has components, i.e. (3.1) can be understood as
f](xlr---)xn)

(X1,...,Xp)
R"3x— f(x)=f(x1,...,%p) = f l_ " eR™.

fm(xl;---rxn)
Hence, we are dealing with m functions fi : Q@ — IR in n variables.
Example 3.1. Change to polar coordinates is a function

[0,00) x [0,27) — R?
r ‘ r cos(¢)
¢

rsin(¢)
If we want to talk about limits, we can do this either component-wise, or we simply think of points as

vectors and use the metrics (distance functions) introduced in Section 2. The latter point of view is slightly
harder but better in the long-term.

3.1 Limits of R""-valued functions

If nothing else is said, we assume in what follows that d(x, y) = [lx— yll and that || - || is the Euclidean norm
I-ll2. If n=1, | will always use |- | to denote the norm which is then called absolute value.

Definition 3.1 (Limit of a IR™—valued function).
LetQ cR" and let p € Q be a limit point of Q.. Suppose f : Q — IR™ is a function. Then we write

6= o 1707

31
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fora q e R™ iff
Ve>0 36>0 Vx: 0<d(x,p)<é = d(g fx)<e. (3.2)

Remark 3.1. To prove that a function has a limit at a point p/is continuous at p, we have to show that
dix,p)<dé = d(q,f(x)<e.
This is usually done by showing that there is a constant C > 0 such that
d(g, f(x)) = Cd(x, p). (8.3)

Setting then 6 = &, we obtain

£
C!
Ve>0 36>0 Vx: dx,p)<d = d(q,f(x)<e.

This is the scheme that you will see over and over again in the examples and proofs of theorems involving
continuity. It could be that one can not prove (9.10) but something of the kind

d(g, f(x) =Cg(dx, p)

for a "well-behaved" (monotone) function g. Then one can have d(x, p) < & implies d(q, f (x)) if6 = g (%)
. If f(p) is not defined, as it happens for limits sometimes, one would ask

0<dx,p)<é6 = d(qfx)<e
but the strategies are exactly the same.

Remark 3.2. If the distance function is given by a norm |- |l, i.e. d(x,y) = |x—yll, then the line (3.2) can
be rewritten as
Ve>0 30>0 Vx:0<|x-pl<d=|fx)—ql<e.

Exercise 3.1. Set m = n =1 and write Definition 3.1 down explicitly (with the correct distances) in that
case.

Remark 3.3. Remember that in the following examples 0 < d(x, p) < 6 is usually asked since f is not
necessary defined at p.

3.2 Examples

Example 3.2. Consider f:IR — IR given by f(x) =2x+1. ForR, we have d(x,y) = |x—y|. We show that
limy_.; f(x) =3. What do we have to do? For every € >0 we have to find a 6 > 0 such that

0<|x-1l<d = |[f(x)-3|<e.

Thus, we compute | f(x) — 3| and estimate it in terms of |x — 1|. The triangle inequality is our friend. We
compute
If(x)=3|=2x-2| =2|x—1].

So, if we have 0 < |x—1| <, then we have
If(x)-3|<20=¢

which leads to the choice 6 = 5.
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Example 3.3. Consider f : R2 - R, f(x1,x2) = x1 + x2. We show thatlim,_.y f(x) = 0. For that, again,
we need to show that for every € > 0 there exists a 6 > 0 such that |f(x)| < &€ whenever 0 < || x|, <. We
have

[f ()] =1x1 + x2] < [x1| + [ x2].

Now, we need to somehow estimate | x|+ |x| in terms of \/x? + x3. We have |||y < v2llxllo." Thus, if

- £
we choose 6 = 5 we get

0<lxl2<6 = [fWI<V2lxl2<V25=¢.
x2+3x3

—=. We prove thatlimy_.o f(x) = 0. Hence,
xl +x2

Example 3.4. Consider f :IR*\{0} — R, where f(x1, X2) =

we need for every € >0 a § >0 such that
O<lxl2<dé = Ifxl<e.

We have

2 2 2., .2 2 2
x5+ 3x X5+ x5+ 2x X
1 2 174 2 2
If(x1,x2) = = =\/ X3+ x5 +2——
2., .2 2., .2 2, .2
\/xl+x2 \/xl+x2 Xy + x5
x5 +x2
<|xllp +2———<3|xll. <30 =¢

2
_T
/42 2 /2 2
x1+x2 x1+x2

llxll2 +2

leads to the choice 6 = £.

Example 3.5. Consider f:IR3\ {0} — R? given by

X1 x1+2,/x§+x§ sin(x3)
1
— 2 2 2\a1
X2 (27 +x5+2x3) 4

x3 x3 + ].
Show, using the € — 6 definition of limits, that
lim f(x) =0.
x—0
Let us begin by using || x|l < | x|l; and obtain

x1+24/x3+x2 sin(x3) 0 X142/ x5+x3 sin(x3)

1 1
difx),q) = (2 +x2+2x2)% i = (X2 +x3+2x2)%
x3+1 ) x3+1
2, 2
X1 +24/ x5 + x5 sin(x3)
= + | x3]

1
(x§ + X3 +2x3)1

Now, we use the triangle inequality, |sin(x3)| < 1, and the monotonicity of (-)i with — ——

1 <
X2+x2+2x% T X2+x5+X2
x1+2\/x§+x§sin(x3) |x1|+2‘/x§+xg
<

T = T
(x} + x5 +2x2)i (X3 + x5+ x3)i

and we obtain

10ne can use a slightly worse inequality:

lx1]+1x2] = \/1x112 +/1x21? < \/lel2 +1x2l? + \/lel2 +lx2l? = 2\/|x1\2 +1x2l?
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Since we clearly have |x;| < |x1|+|x2|+|x3] = | xlh < V3l xll2 foranyi=1,2,3 and\/x§ +x3< \/xf +X5+x3 =

lxll2. This gives us

x1]+24/x5 + x5
———— +|x3|

1 1
(x% + x3 + x3) llx])2

V3Ixlz + 21 xll2
==+ V3lixl2

1
@2+ V3)lxllZ +V3llx]2
1 1
Ix02 (2+ V3 +V3lxl2).

If we assume 6 <1 (since || x|, < &), we then get
1 1 1
lxl2(2+V3+V3lxl3) < 6lxIZ.

Finally, we obtain
0<lxll2<é = d(flx),q<e

£\2
0= min{l,(—) }
6
Exercise 3.2. Some estimates in the Example above could have been made differently. For example
lxs| =/ |x31% < [ xl2,
|x1]+24/ x5 + x5 <3 xll2, and
11 +2¢/x2 + x3 < 2llx]l1 < 2v3] xl2.

Go through the proof again and see what you can do.

if we choose

3.3 Characterization of limits via sequences

Theorem 3.1 (Characterization of limits of R""-valued functions).
Suppose Q = R™ and p € R" be a limit point of Q and let f : Q — IR™. Then
lomm 7o) = 4
iff
S fpn =

for every sequence (p,) < Q\ {p} with p,, — p as n — +oo.

Remark 3.4. The point p is exempt from the possible values of the sequence (p,) in the above theorem
since f might not be defined at p.

Proof. First, we prove [=]: We have lim_., f(x) = g and (p,) < Q\ {p} with p,, — p. For all £ >0, we
need to find ny € IN such that

nzny = |f(pn)—ql2<e.

We can choose § > 0 such that

0<llx=pl2<é = Ilf(x)—ql2<e
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and then choose ng such that for all
Vnzny = lpp—pl2<d= |f(pn)—qlz2<e.
Now, we prove [<]: This proof is by contrapositive.? Thus, we assume that we do not have
Ve>0 30>0: O0<|lx—pl2<éd = lfx)-qgl2<e (3.4)
and conclude that we then do not have
Jm fpn) =4
for every sequence (p,) in Q\ {p} with p,, — p as n — +oo. The negation of (3.4) means there exists an

€ > 0 such that for all § > 0 there exists a x5 such that || x5 — pll2 <6 and || f(x5) — qll» = €. Now, we choose
& =1 and pick a point x,,. Then x, — p for n — +oo but || f(x,) — qll» = €. O

The last theorem can be used to find out whether limits exist. If we find two sequences with different limits,
we can conclude that the function has no limit at that point. Besides the next example, we do not further
discuss directional limits aside from the one dimensional case in Section 3.5.

Example 3.6. Let f:IR?\ {0} — R given by

X2 +3x3
f(xlyxz) =5 -
Xy + X7

We take the sequences [p,,01T and [0, p,1T with p,, € [0,+c0) for all n € Ny and p, — 0. We have

2
p;+0
,00 = =1,
0+3p?
f©,pn) =
" 0+p?

Since the limits are not the same
lim f(x)=0
x—0

does not exist.

Remark 3.5. The last example illustrates the fact mentioned in Remark 3.1 that a control of || f (x) —
(0,117, in terms of || x||» does not always mean that

1£ () =10,117ll2 < ClixIl2
but that there could be a function g, in this case g(x) = v/x, such that

£ (x) = 10,117 12 < Cg Il xll2).

3.4 Rules for limits

The next theorem follows, as stated in the proof, from results of Analysis |I. However, it is a good exercise
to prove the result directly by using the definition.

2Note that a proof by contrapositive is not a proof by contradiction. A proof of A = B by contradiction assumes A and =B and
derives a contradiction. A proof of A= B by contrapositive proofs the equivalent statement "B = 71 A. A good introduction can be
found here in Chapter 5.
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Proof. This theorem follows immediately from Theorem 1.2 using Theorem 3.1.

3.5 One sided limits of functions on R

Definition 3.2 (Right-sided limit of f).
Let f:(a,b)— R and p € [a, b). Then, we write f(p+) = q if

Jim o =a

for any sequence (pn) neN, SR with py, € (p, b) for all n € No and p,, — p.

In the same way, we define

Definition 3.3 (Left-sided limit of f).
Let f:(a,b) — R and p € (a, b]. Then, we write f(p-) = q if

Jm fpa)=q

for any sequence (pn) neN, € R with py, € (a, p) for all n€ Ny and p,, — p.

We may also write

flpr) = lim f(x)= xﬁl}g ACOH
f(p=) = lim f(x)= lim f(x).
X—=p— x—p-0

Remark 3.6. Definition 3.2 can be rephrased as (¢, 6)-criterion in the following way: a function f : (a, b) —

R has aright limit at p € [a, b) iff

AgeR st Ve>036>0: 0<h<d = |f(p+h) —ql<e.

Similarly, one rephrases Definition 3.3.
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We state the following result without proof.

Example 3.7. Let f:IR\ {0} — R be defined by

fo==.

[x]

Then f(x)=1 for x>0 and f(x) =—1 for x <0. Thus,

fO+) = lim f(x)=1,
x—0+

fO-) = lim f(x)=-1.
x—0-

Example 3.8. The function f:IR, — IR given as

Fl) = % : x>0'
0 : x<0

The limit f(0-) exists and is equal to 0 and the limit f(0+) does not exist.
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Continuity

For notational remarks, please refer to the very beginning of Chapter 3.

4.1 Definition of continuity

We are now ready to state another central notion of Analysis:

Definition 4.1 (Continuity at a point of IR™ valued functions).
Let d be a metric? on R" and let Q < R" with p € Q. Then, f:Q — R™ is called continuous at p iff

Ve>0 36>0: (xeQ:d(x,p)<é) = d(f),f(p)<e. (4.1)

2See Definition 2.2.

One immediate consequence of the definition is that functions defined on some Q € IR" are continuous at
isolated points. See Definition 2.5. To see that let Q € R” have at least one isolated point (for example
Q={p}, peR") and f:Q — R™ a function. Pick an isolated point p of Q. Then, there exists § > 0 such
that Bs(p) N Q = {p}. Thus, for every € > 0, one can choose this § so that || x— pll2 <6 is only satisfied for
X = Xg. Thus, we obtain

I f ()= f(p)ll2 =1 f(x0) — f(xo)l2=0<e.

Also remember the following important remark.

Remark 4.1. A function f can only be continuous where it is defined, i.e it makes no sense to ask about
the continuity of a function at points p where f(p) does not exist. For example, the function

-1 : x<O
f(x)={

1 : x>0
is continuous on IR\ {0}.

Remark 4.2. Ifd(x,y) = x—yl, then we can rewrite (9.13) as
Ve>0 36>0: |x—pl<d = If(p-fl<e.

The d or || - | may be any of the metrics/norms in Example 2.5/2.3 respectively.

Exercise 4.1. Set m = n =1 and write Definition 4.1 down explicitly (with the correct distances) in that

case.

38
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Ver0 1850 - VUx: Albyx) <5 =7 ACp) ) <E

-
7

Figure 4.1: lllustration of the definition of continuity for m=n=1.
Remark 4.3. We can rewrite
dix,p)<é = d(fx),f(p)<e

as
x€Bs(p) = f(x)eB(f(p)

or
F(Bs(p) < Be(f(p)). (4.2)

Qe ()< K

B(n)=7ye K™ 3
Bpe) = yeR " dlyd®) <€

Figure 4.2: lllustration of continuity. Especially (4.2).
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Definition 4.2 (Continuity of IR™ valued functions).
Let Q< IR". Then, the function f : Q — R™ is said to be continuous? iff it is continuous at all p € Q.°

4Sometimes we will also say f is continuous on Q.
bsee Definition 4.1.

Using Definition 3.1 and Theorem 3.1, it holds immediately

Theorem 4.1 (Limit characterization of continuity).
LetQcR", f:Q—R™, and p € Q limit point of Q. Then, f is continuous at p iff

lim /()= f(p)

and iff for all (py) neN, € Q\ {p} with p,, — p holds

Jm f(pn) = f(p).

4.2 Examples

Example 4.1. Consider f:R — R, f(x) = x>. We show that this function is continuous at all xo € R. We
need to show that

Vxpe RVe>036>0: (VxeRR, d(x,x) <8) = d(f(x),f(x0) <€
which means that
VxpeRVe>036>0: (VxelR, [x—xol <6) = [f(x0)— f(®)|<e.
We have
1% = x| = 10 = x0) |1 (x + x)]

If we choose 6 < 1, we have |x—xy| <1 and therefore |x| < 1+ |xgl. Thus, |x+ xo| < 2|x0|+ 1 by the triangle
inequality and, hence,

2~ x| < (2lxol + Dx = Xol.

|x
Finally, 6 := min{1, 5=} concludes the argument.
The continuity of f(x) = x? in the last example could be proved slightly differently. See the next example.

Example 4.2. Consider f:R — R, f(x) = x?. We show that this function is continuous at all xo € R. Let
us set x = xo + &' with 6’ € (—=6,8). Then, d(xy,x) =|6'| <|6]. Now, we get

d(f(x), f(x0)) | () = f(xo)| = | (x0 +6")% — x5

[2x06" + 6% = 16"112x0 + &'

IA

|20 + 111671,
where we require 6 < % and finally have to choose

62min{1,2lxoﬁ}.
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Example 4.3. Consider f :IR — R given by f(x) = 2x*>—8x+6. Let us prove continuity everywhere. Thus,
let peR and € > 0. Then, we get

d(f(x), f(p) =1f(x) - f(p) 12x* —8x+6—(2p* —8p +6)| = [2(x* — p?) +8(p — 1|

IA

2|x2—p2|+8|p—x| =2|x+ pllx—pl+8|p—x|

IA

2(Ixl+1pDlx - pl+8|p—x,|
where we used |x + p| < | x|+ |pl. Now, setting 6 <1, we get |x+ p| < 1+|p|. With that, we have
difx), fPN=1fx) - f(Pl=2A+|p)+8)|x—pl<e

if we choose

€
6:min{1,—}.
2(1+|ph+8

Example 4.4. Let f:[0,00) — R with f(x) = v/x. We prove that f is continuous on R. Let p =0 and
£>0. We get

lxl<6 = |Vxl=+Ixl<e

if we choose 6 = /€. Now let p € (0,+00) and € > 0. We estimate

VX+\/p _ _lx-pl

Wx-ypl = (ﬁ_ﬁ)ﬁh/ﬁ_ﬁh/ﬁ
- Ix—pl.
NG
Thus, we get
lx—pl<éd = |Vx—\pl<e
foré = /pe.

Exercise 4.2. Consider f :R® — R? given by

X1 X1+2 x2+x3 sm(x3)
X2 | — (x1 +x2 +2x3) 4 —
X3 x3+1

Show that f is continuous at x = 0.

4.3 Discontinuity

Definition 4.3 (Discontinuous at a point of R” valued functions).
LetQcR" and pe Q. Then, f:Q— IR™ is called discontinuous at p iff f is not continuous at p.

Example 4.5. The function f: R — IR, given by

1 : x#0
(x)=
1t {0 : x=0

is not continuous at x =0 since f(0) =0 but

lim f(x)=1.
x—0
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The following example uses one-sided limits from Section 3.5.

Example 4.6. The function sgn:IR — IR, defined by

1 x>0
sgn(x) = 0 : x=
-1 x<0

is discontinuous at x = 0 since sgn(0) = 0 but
lim sgn(x)=-1 and lim sgn(x)=1.
x—0— x—0+

Example 4.7. The Dirichlet-function (which is the characteristic function' of 1)), given by

1
Yoo = xe@ o
0 : xeR\Q

is nowhere continuous.
Exercise 4.3. Prove that the function X ¢y from the example above is nowhere continuouss.
Example 4.8. The function f:R — IR, given by
: 1
sin(=) : x#0
fx)= { )
0 o x=0

is not continuous at x =0 as
lim f(x)
x—0

does not exist.

Figure 4.3: The function f(x) =sin(1).

1Also called indicator function.
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4.3.1 Further counterexamples in continuity

Example 4.9 (Dirichlet function).
We consider the function X : IR — IR defined by

XQ(x):{l o oxeQ
0 : xeR\Q

This function is at no point continuous. If we let f : R — R be a function which is continuous and has zeros
at xi,...,xn, then f(x)XQ (x) is continuous at the points x1,...,Xp.

Example 4.10. We consider the function f :[0,1] — R, defined by

1 : x=0
f=9 1/n : x=2€qQ
0 : xeR\Q

where the "' is always considered to be in lowest terms. This function is discontinuous at x € Q and

continuous at x € R\ Q.

Example 4.11. We consider the function f :IR — R defined by
X I XE
flo)= u .
-x : xeR\Q

This function is only at x = 0 continuous.

Example 4.12. We consider the function f:IR — R with
1 : xe@
f= .
-1 : xeR\Q
This function is nowhere differentiable but its absolute value | f|(x) =1 is.

Example 4.13. For a function f :IR? — IR it is not enough to be continuous in each variable to be contin-

uous. We consider

0 x=y=0

In every disc B (0) exist points of the form (a, a) at which f has the value % For every fixed value of y,
say yo € R, the function g(x) := f(x, yo) is continuous. Similarly, the function h(y) := f(xo,y) is continuous

for every fixed xp € R.

Exercise 4.4. Prove the claimed properties in the above examples where the details have been left open.

4.4 Continuity and component-wise continuity

We show now a result connecting the continuity of f with the component functions fi.. Remember that
f:Q—R™ means that

fl(x) fl(xl»---;xn)
R'2Q3x— f(x)=| : |= : eR™.
Sm(x) fm (1,0, %)

We have



CHAPTER 4. CONTINUITY 44

Proof. This proof is an exercise (or see your lecture notes from class). All you need are the definitions

and the inequalities

lxllz < llxly < vnllxlz, xeR™

O

Remark 4.4. Theorem 4.2 is useful to decide whether functions like

[x1—1]
fx)=|lx2—2|+|3x3 5|

[x3 = 3|

is continuous at a point x, € R® as one has only to check the the component functions

f1(x1, x2, X3) [x1—11,

Sfo(x1, %2, x3) [X2 — 2| +[3x3 — 5], and
f3(x1,x2,x3) = |x3-3|

which might be easier.

4.5 Operations with continuous functions

Proof. Using limits, the proof follows from results of Analysis | (Theorems 3.1 together with Theorems 4.1
and 1.2) whenever p is a limit point of Q. In isolated points, the result is easy to prove. O

Exercise 4.5. Let QcR", pe Q. Consider f,g:Q — R which are continuous (at p). Prove that f + g
is continuous (at p).
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Further suppose that f is continuous at p € Q; and g is continuous at f(p) € Q,. Then, go f is
continuous at p.

Exercise 4.6. Before you read the proof have a go yourself. You only need the definition of continuity.

Draw a picture similar to Figure 4.2 to get an idea what to do.

W O RS
\ \ )
) /
p /
// \ / (e
/I / 4
b L"/ i 7\/’ /
To Show //
3§70 - dlxp)< S => d(peogplr)< €
W s 0 18>0 ¢ dly ge)< § = A(slpr ) <&

1520 -+ d(xpP)< 5 = A 4e)< S’

Figure 4.4: A graphical analysis of the composition theorem Theorem 4.4 and ist proof.

Proof. We need to show that for every € > 0 there exists a § > 0 such that
lx—pla<d = lg(f(x)—g(f(p)l2<e.
Let £ > 0. Since g is continuous at f(p), we can find a 6’ > 0 such that
ly-f(ml2<d" = gy -g(f(p)l2<e.
Since f is continuous at p, we can now find a 6 > 0 such that
lx=pl2<d = lIfx)-f(pl2<5"

Hence, we have that
lx—pla<é = lg(f(x)-g(f(p)l<e.

4.6 Continuous functions f:[a,b] — R
The purpose of this section is to introduce and prove two important theorems for continuous functions
f:la, bl - R

of one variable. These theorems are called the Intermediate value theorem (IVT) and the Extreme value
theorem (EVT) which is also commonly called Theorem of Weierstrass.
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4.6.1 The Intermediate Value Theorem (IVT)

Theorem 4.5 (Intermediate value theorem (IVT)).
Suppose f : [a,b] — R is continuous and y, € R is between f(a) and f(b). Then there exists a
Xo € [a, b] such that f(xp) = yo.

Remark 4.5. The converse of the IVT is not true. There are discontinuous functions f : [a, bl — R which
have the property that for any value yy between f(a) and f(b) there exists an xy € [a, b] such that f(xy) =
Yo. An example is given by f:[0,1] — R defined by

2x 1 x€l0,1]
f(x)={ L2
X : xe(i,l]

The function clearly takes any value between f(0) =0 and f(1) = 1 but is not continuous. (Draw a picture.)
See also the next remark.

Remark 4.6. The assumption of continuity can in general not be dropped from Theorem 4.5. An example
is the function f :[0,1] — R defined by

: 1
f(x):{o : x€[0,3]

1 @ xe(3,1]
There is no value y € (0,1) for which there is a x € [0,1] such that f(x) = y.

Remark 4.7. As we will see in the proof, the fact that [a, b] is a closed interval of real numbers is important
as well since the real numbers are completée?. If we look at continuous functions on @, i.e. f:[a,blNnQ —
R which are continuous, then we do not have the intermediate value property. For example, the function
f(x) = x* on [1,21n Q does not take all values between 1 and 2 as there is no x € [1,2] N Q such that
f(x) =2 since v/2 is irrational.

To prove the Intermediate Value Theorem, we need a Lemma.

Lemma 4.1.
Suppose f : [a, b] — R is continuous at xy, and f (xy) > 0. Then there exists ad > 0 such that f(x) >0
for x € (xg — 0, xg + 0).

Proof. Since f is continuous at xg, we have that for all € > 0 there exists a 6 > 0 such that
[x—xpl<d = —e<f(x)-f(x)<e.

Thus, since f(xo) >0, we get, choosing ¢ = @ that

_ [(xo)

f(x0) - f(xo)
2 2

3
< f(x) - flx) < T<f(x)<§f(xo)
and hence f(x) >0 for x € (xp — 6, xp + ). O

Now, we are ready to prove the IVT.

2Remember that means that Cauchy sequences are convergent.
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Proof of Theorem 4.5. First, without loss f generality, we can assume that f(a) < yo < f(b). Then, we
define the function h by
h(x) = f(x) - yo.

From that, we get h(a) <0 and h(b) > 0 and we need to show that there is a x¢ € [a, b] such that h(xg) = 0.

Figure 4.5: lllustration of the proof. Possible picture of h. Compare with the construction described
afterwards.

We define the following partition of [a, b]:

la,b] = X_UuXyUX,,

where
X_ = {yelab]l:h(y)<0},
X+ = {yelab]l:h(y)>0}, and
Xo = {yela,bl:h(y)=0}.

We have a € X_ and b € X; and are left to show that Xy # @. Since R is complete, we know that there is
a xp such that xyp = sup X_. Since X_ < [a, b], we have that xj € [a, b]. We will now show that xy belongs
neither to X_ nor to X, which means it belongs to Xy which concludes the proof. First, from Lemma 4.1,
we have that xy ¢ X_. If it were, there would be § > 0 such that (xg, xo +9d) € X_, i.e. xo+ g € X_ and this
contradicts that xp = sup X_. Now, x¢ ¢ X, by Lemma 4.1 since if it were, there would be a § > 0 such that
(xo— 6, x0) < X+. This would imply that, for instance, xy — g is an upper bound of X_. This contradicts that

Xp = sup X_ is the lowest upper bound of X_. O

4.6.2 Applications of the IVT

Example 4.14. Prove that f: IR — R with f(x) = x°> — x* + x> — x* + x + 1 has a zero between —1 and 0.
To prove that we compute f(—1) = —4 and f(0) = 1. By the IVT (see Theorem 4.5), we obtain that there
must be a xy € [—1,0] such that f(xp) = 0.

Example 4.15. We show that f: IR — R with

fx)=x3+

1+ x2
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is subjective.® To show that, we compute the limits for x — +oo:
Jim f(x) = ~oo0, lim f(x) =oo.

This means that
Ve<0IM<0:x<M = fx)<C

and
VC>03IM>0:x>M = f(x)>C.

Thus, given any yy € R, we can choose M > 0 such that f(—M) < yo and f(M) > yy. Then, by the IVT
(see Theorem 4.5), there exists xo € [-M, M] such that f(xg) = yo-

Theorem 4.6 (Brouwer’s Fixed Point Theorem).
Let f :[a, bl — [a, bl be continuous. Then there exists a xo € [a, b] such that

f (x0) = xo.
Definition 4.4 (Fixed point).

Let I <R be an interval and f : I — IR be a function. Then, xy € I is called a fixed point of f iff
f(x0) = xo.

Remark 4.8. Brouwer’s fixed point theorem asserts that a continuous function f : [a, b] — [a, b] possesses
at least one fixed point.

a b

Figure 4.6: lllustration of the Brouwer’s Fixed Point Theorem.

Proof. If f(a) = a or f(b) = b, we have nothing to prove. Thus, we assume that f(a) > a and f(b) < b.
We want to use the intermediate value theorem and define the function

h(x)=x-f(x)

3That means that for all y in the co-domain IR there exists an x in the domain R such that f(x) = y.
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which has the properties h(a) <0 and h(b) > 0. Thus, by the IVT, there exists a xy € [a, b] such that
h(xp) = 0 which implies

f(xo0) = xo.

4.6.3 Weierstrass’ Extremal Value Theorem
We introduce the notions of local and global maximum.

Definition 4.5 (Local maximum).
LetIcR and f: I — IR be a function. Then, x; € I is called a local maximum of f if there exists a
6 > 0 such that

f(x) < f(xo) x€(x0—6,x0+0).

Definition 4.6 (Global maximum).
LetIcR and f:I— IR be a function. Then, xo € I is called a global minimum if

[0 < flxo) xel.

Remark 4.9. Local/global minima are defined similarly.

Exercise 4.7. Write down the according definition for a local minimum and a global minimum for a function

f:I1—-1R, where I c R is an interval.

Exercise 4.8. Draw pictures and illustrate the above defined notions of local and global maximum/minimum.

Convince yourself that neither local not global maxima/minima must be unique.

We also introduce the notion of a bounded function. This is essentially a recap of results of Section 3.3.1
of Analysis | (Bounded sets).

Definition 4.7 (Bounded from above).
Let I R. Then, a function f : I — R is called bounded from above if there exists a constant C >0
such that for all f(x)<C forall xe I.

Definition 4.8 (Bounded from below).
Let I R. Then, a function f : I — R is called bounded from below if — f is bounded from above.

Definition 4.9 (Bounded).
Let I < R. Then, a function f : I — R is called bounded if f is bounded from above and bounded

from below.

Remark 4.10. Let us set f(I) := {f(x) : x € [a,b]}. Then, the boundedness of f is equivalent to the
boundedness of the set f (1), i.e.

sup(f(I)) <+oo and inf(f(I)) > —oo.

If only one of the two holds, we have the function bounded above or below respectively.
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The next important theorem is Weierstrass’ Extreme Value Theorem.

Theorem 4.7 ((Weierstrass’) Extreme Value Theorem (EVT)).
Suppose that f : [a, b] — R is continuous. Then,

(i) f is bounded.

(i) f attains its maximal/minimal values, i.e. there exists a global maximum/minimum.

Remark 4.11. The converse of the EVT is not true. There exist functions f : [a, bl — R which are bounded
and attain their maximum and minimum but are not continuous. An example is given by f:[0,1] — R

defined by
2x : x€]l0, l]
)= { 2

% : xe(%,l]

The minimum value 0 and the maximum value 1 are attained at x =0 and x = % respectively but f is not
continuous. (Draw a picture!) See also Remarks 4.13, 4.14, and 4.15.

To prove that theorem, we need to prepare ourselves with another Lemma.

Lemma 4.2.
Suppose f : [a, b] — R is continuous at xy. Then there exists a d >0 and a constant C > 0 such that
| f(x)| < C forall x € [x9g—9,x0+6].

Proof. Since f is continuous at xg, we have that for all € > 0 there exists a 6 > 0 such that
lx—xol <6’ = —e<fx)-flx)<e.
Setting € = 1, we get that
fxo)—1< f(x) <1+ f(x0) VYxe(xo—0,x9+0).

Now, we choose § = % and get that [xo — 6, xo + 6] < (xp — 6, xo +6). Thus, we have that there exists a
6 >0 such that f is bounded on [xo — 0, Xy + 6] as claimed. O

Now we prove the Extremal value theorem.

Proof. First, we prove (i). We define
X ={x€la,b]: fis bounded on [a, x]}.

Clearly a€ X, i.e. X # @. Also, X is clearly bounded by b. By the completeness of IR, we have s =sup X €
[a,b]. By Lemma 4.2, we get s > a and that s ¢ [a, b). To see that, we assume that s € [a,b). Then, by
Lemma 4.2, we can find a § > 0 such that f is bounded on [a,s] and also on [a, s+ d] since f is then
bounded on [s—§,s+ 6]. This contradicts the fact that s = sup X is the least upper bound of X. Thus,
s = b and it remains to show that b € X. We have shown so far that f is bounded on all [a, b— d] for all
6 €(0,b—a). Since f is continuous at b, we have that, again by Lemma 4.2 there is §’ > 0 such that f is
bounded on [b—§8', b]. Hence there is a § >0 such that [a,b-61n[b—-6',b]l # @;for 6§ <§'. Thus, be X.
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Now, we attend to part (ii). Since, by part (i), f is bounded on [a, b] there exists, by completeness of R
a yo =sup{f(x): x €[a, bl} =: X. We have to show that there exists a xj € [a, b] such that f(xp) = yo. We
assume that such an xy does not exist. Then, the function

is everywhere defined and continuous. Thus, g is bounded, i.e. there exists an M > 0 such that

lg(x)| =M.
This means, by the definition of g that
1
Jo=f @ <M <
y-fo=z=4 <
f<y—
which contradicts that yo = sup X. For the minimum, we argue similarly. This concludes the proof. O

Remark 4.12. One can prove the boundedness of a continuous function f : [a,b] — R with the help of
Bolzano—Weierstrass (see Theorem 1.3). Let us assume that f is not bounded from above on |a,D].
Then there exists a x; such that f(x1) > 1 and x, such that f(x,), etc. The sequence (x,),eN < [a, b]
is bounded. Thus, by Bolzano—Weierstrass, there exists a convergent subsequence (xn,)keN S (Xn) neN
with limit xo € [a, b]. By construction, we have f(x,,) — +oo. This contradicts continuity as the limit should
be f(xo). The proof that f is bounded below proceeds similarly.

Remark 4.13. The closedness of the interval in the statement of the EVT is essential. For instance,
consider f:(0,1) — R with f(x) = % The function is continuous but not bounded on (0,1).

Remark 4.14. The continuity of the function f in the statement of the EVT is essential. For instance,
consider f:10,1] — R with

=)' -
f( x) — n+1 oX= % € Q
0 : xeR\Q
where % in the definition of the function is regarded to be in lowest terms. In every neighborhood of
every point in [0, 1], the values of f come arbitrarily close to the numbers —1 and 1 but always stay strictly

between them.

Remark 4.15. Consider f:[0,1] — R given by

: =2 0,1
ﬂm={'l ¥ el ling
0 : x€[0,1]\Q

where L is in lowest terms. This function is finite in every point but not bounded on [0, 1] and thus shows
again that continuity can not be dropped from Theorem 4.7. To see that assume that there is a xo € [0,1]
such that f is bounded on [xy —6,x9 + 6]. (If x = a or x = b we consider the appropriate "half"-interval.)
Then, the denominators of x € [xy — 8, X9 + 61 N Q must be bounded as well as the numerators. However,
this means there are only finitely many rational elements in [xo — 8, xo + 8] which is not true. Thus, f is not
bounded on any Interval I < [0, 1].
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4.7 Continuity of linear maps

We convince ourselves that a linear map L:IR" — IR™ is continuous. For the definition of Linear Map see
Definition 1.12. Since Lx — Lxo = L(x — Xg), it is sufficient to prove that L is continuous at xy = 0.
Let us denote

111 lln
L=
lml lmn
With that, we obtain
n
Lih
In hn| |l El R
L: = :
n
L oo Lanl | hn Y Injh;
j=1

We want to show that for all € > 0 there exists a 6 > 0 such that

lhllo<6 = |Lhl:<e. (4.3)
We have
n n
Z ll]h] Z ll]h]
J=1 =1 m | n
ILhl; = : < : < |2 lijh;
n n i=1]j=1
> Imjh; > Imjh;
j=1 2 j=1 1
We further obtainfori=1,...,m
n n
2 lijhy| = X Mijliky)
j=1 j=1

Now, we get for all i =1,..., m that

|l,‘j|§ _max |l,‘j|=:L.
t_:1 ..... m

Note that the right hand side of the last inequality does not depend on i any-more and we get

n
> lijhj
=1

n
<L) |hjl.
j=1

Hence, we obtain

n
> lijhj

n
]:1 =

|hjl < my/nL| hll,.
1

m n
<) (LZ |hj|) <mL
i=1\ j=1 j

Let us set C; = my/nL. Finally, we get
ILAll2 < Cilihll2

and then (4.3) by choosing § = CLL
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Differentiation in one variable

5.1 Definition for one variable
Definition 5.1 (Differentiability at a point).
Let f:(a,b) — R be a function. Then, f is said to be differentiable at x, € (a, b) iff

lim f(xo+h) — f(x0)

o " (5.1)

exists. If the limit exists, we denote it by f'(x), i.e

fxo+h) - fxo) ,

! .
(%) = lim 5.2
f L n (5.2)
aWe say that f’(xg) is the derivative of f at xo. Thus one can say that f is differentiable at x if the derivative of f exists

at xg.

Graphically, this definition says that the derivative of f at x is the slope of the tangent line to the graph
y = f(x) at xg, which is the limit as h — 0 of the slopes of the lines through the points (xy, f(x0)) and
(xo + h, f(xo + h)), which are called secants. Thinking about the derivative graphically, one always should
keep in mind, that i — 0 does not only mean h — 0+ or h — 0— but that they both must exist and agree.
See the next remark.

Remark 5.1. Differentiability for f : (a, b) — R can be defined using the one sided limits from Section 3.5.
The function f is then called differentiable at xy if the two one-sided limits

lim f(xo+h)—f(x0)’ lim fxo+h) = f(xo)

h—0— h h—0+ h
exist and are the same. If they exist but are not the same, then the function is not differentiable at xo but

has a right-derivative
lim f(xo+h)— f(xo)
h—0+ h
and a left-derivative at x,
. flxo+h)— f(x0)

|
hlg)l— h

at xo. One can also have the case that only one of the two exists.

Remark 5.2. Let us discuss a couple of ways to write the statement of the differentiability of f in different
ways:

53
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1. The differential quotient (5.1) can be written as

. (%) = f (x0)
f/(xo) — J}Lm M'

X0 X— X

(5.3)

2. Definition 5.1 can be restated as: f : (a,b) — R is differentiable at xy € (a,b) iff there exists a

function ¢ : (a— xo, b — xp) — R such that limy,_ %h) =0 and a number A such that

fxo+h) = f(xp) + Ah+@(h).

The number A is given by f'(xo) by (5.2). This means that f is, close to xo, well approximated by a
linear function with a very small; by very small we mean that it gets to 0 faster then the distance h

from xo + h to xg.
3. The last statement is often rephrased as
fx+h)=f(x)+Ah+o(h)
or, in the spirit of (5.3), as
f(x) = f(xp) + Alx — x0) + 0o(x — Xp).

We say that ¢ is little-o of h. Intuitively, that means that one can approximate f(x) by f(xo) +
f'(x0) (x — xq) if x is close enough to xy, i.e. in a (small) neighborhood of f, one can replace f by

its tangent T (x) = f (xo) + f' (x0) (x — Xg).
Exercise 5.1. Prove the claimed equivalence of Definition 5.1 with the second statement in Remark 5.2.

Remark 5.3. Using the definition of a limit from the previous Chapter, we can rewrite the definition of a
derivative as follows: We say that f : (a,b) — R is differentiable at xy € (a, b) iff

h

JAeRs.tVe>036>0: 0<|h|<d > Al<e.

We finish the section on the definition of derivatives by stating

Definition 5.2 (Differentiability & Derivative).
Let f:(a,b) — R be a function. Then, f is said to be differentiable on (a, b) iff f is differentiable at
xo for all xy € (a,b). The derivative f': (a,b) — IR is given by x — f'(x) as defined in (5.2).

Remark 5.4. By saying that f : [a, bl — IR is differentiable on [a, b], we mean that f is differentiable on
(a, b) according to Definition 5.2 and that

lim —f(a+h)—f(a) and lim —f(b+h)_f(b)

h—0+ h h—0- h
exist.
Remark 5.5. Sometimes we might just say that a function f : I — IR be differentiable by which we mean

that is is supposed to be differentiable on its domain I taking into account one-sided limits at boundary
points.
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5.1.1 Examples of derivatives

Example 5.1. Let I =R be an interval and let us compute the derivative of f : I — R, f(x) = c, where

ce R is a fixed constant. We get

f(x+h)—f(x)_c—c_9_0
h h  h

Thus,
fx+h) - f(x) _

0)
h

ie. f'(x)=0forallxel.
Remark 5.6. The converse of Example 5.1 is also true. For that see Lemma 5.1.

Example 5.2. Let us compute the derivative of f : R — R, f(x) = x with the differential quotient. We have

fx+h-fx) _ &+h-x_h _
- = ——=3=1 (5.4)

Thus,
lim fx+h) - f(x) _

1.
h—0 h

Example 5.3. Let us compute the derivative of f : IR — R, f(x) = x> with the differential quotient. We

have
fx+m—-fx)  (x+h?*-x* x*+2hx+h*-x* (5.5)
h B h N h '
- 2x+h (5.6)
Thus,

lim —f(x - fW) =2X.
n—0 h
Example 5.4. Let us compute the derivative of f : IR — R, f(x) = v/x with the differential quotient. We

have

flx+h-f(x) \/x+h—\/§:\/x+h—\/§'\/x+h+\/§

h h h Vx+h+yx
1 (x+h)-x 1

RVxth+yx Vithtyx

This leads to b
lim fx+h)-fx) _ 1

h—0 h 2y/x’

where we use the continuity of \/- and limit calculus. See also Example 4.4.

Example 5.5. We consider f: IR, — R with f(x) = |x|. The function f is not differentiable at x = 0 but only
on (—o00,0) and (0,00). On The first interval we have f(x) = —x and on the second f(x) = x. At x=0, we

have
fim LOFO=SO P
h—0+ h h—0+ h
tim 0PSOy
h—0— h h—0- h

See also Example 3.7.
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Example 5.6. There exist also function which are differentiable at one point but are not continuous any-
where else. Let

1 @ xe@Q
XQ (x) = .
0 : xeR\Q
Then, the function

fx) =x*Ag(x)

is differentiable at x = 0 but for no x # 0 continuous. The continuity part is clear from Example 4.9. Let us

investigate the existence of
lim fO+h) —f(O).
h—0 h

We have that | f(h)| < h? = |h|?> and thus,

(5.7)

O<|hl<e = ‘%‘<8

which implies that (5.7) exists and is equal to 0.

Remark 5.7. As we have seen, e.g. with Example 5.5, there are more differentiable than continuous
functions. However, the examples so far are differentiable at most points and only problematic at very few.
Until quite late, it was widely believed that almost all functions possess even infinitely many derivatives. It
was first Bolzano [2] and then Weierstrass [17] who showed that there are Monster functions which are

everywhere continuous but at no point differentiable. An example is
+00 1
f=7Y T cos(10"mx).
n=1
We have not yet all the tools to understand why the assertion is true but can still admire that such a function
exists and that one can write down an example as explicit as this.

f(x)

|
TN, ,
| Al"r“* W‘Ir E
|

Figure 5.1: A glimpse into the Weierstrass Monster Function.
For further information on this function and related ones see also [8], [1], and [9].

5.1.2 Differentiability = Continuity

Theorem 5.1 (Differentiable functions are continuous).
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Suppose f : (a,b) — R is differentiable at xy € (a,b). Then f is continuous at x.

Remark 5.8. The converse of theorem 5.1 is not true as we have already noted in Remark 5.7. Another
simple function which is continuous on R, but not differentiable at x =0 is f(x) = |x|.

Proof. Since (a, b) contains only limit points, we can use Theorem 4.1. We show that lim,_ , f(x) =
f(x0). We compute, using the limit calculus,

. . f@-fxo) )
Jim f) = lim (f(xo)+—x_xO (x = xo) (5.8)
= flxo)+ lim (—f(x)_f(x°) (x—xo))
X—Xo X—Xo

fxo) + f'(xo) lim (x — xo)
X— X0

f(x0).

The step from the second to the third line is possible since f is differentiable at xo and we have Theorem
3.2. O

Remark 5.9. The idea of the first line (5.8) is simply that one needs to introduce the differential quotient
in some way. Thus, one first writes

f(x) = fx0) + f(x) = f(x0)

and then multiplies a 1 suitably to get

£ = o) +(F(0) ~ f(x)) -

—Xo), X# Xo.

X0 _ s TS0
Xo X—Xp

X
Remark 5.10. The result of Theorem 5.1 holds true for f : [a,b] — R is one uses the appropriate one-
sided limits in the definition of continuity and differentiability at the boundary points.

Remark 5.11. Another proof of Theorem 5.1, using the (g, ) -definition of continuity, proceeds as follows.
Let f: (a,b) — R be differentiable on (a,b) and let xy € (a,b). Then, for all € > 0 we have to show that
there is a 6 > 0 such that

x—x0l<d = |f(x)-f(x)l<e.

Since we want to link this to the derivative of f, we need to introduce the differential quotient:

X—Xp X— X0
Since

lim f) -~ f(xo) = £ (x0)

X—Xo X—Xp
we have that there exists 6’ > 0 such that

0<|x-xl<d = 'M—f’(xo) <1.
X— X0
which gives
0<|x—xo|<6’ X —Xo

Thus, we get

0<|x-xl<6 = [f(x)—fxo)l<(1+]f (xo)l)lx—xol <&

choosing § = min {6’, m} This concludes the proof.
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Remark 5.12. The (g,8)-proof in Remark 5.11 proves something more general than intended: Let I <R
be an interval and f : I — IR be a function such that there exist constants 6 > 0 and C > 0 such that

J(x) = f(x0)

X— X0

sup <C. (5.9)

0<|x—xp|<6

Those function are called Lipschitz continuous and an equivalent definition is to ask that they satisfy
Ifx) - fWI=Clx—yl Vx,yel (5.10)

for a constant C > 0. An example is f(x) = |x| which is not differentiable at x = 0 but still satisfies (5.9)
with C = 1. By the Mean Value Theorem, see Theorem 5.6, we get that all continuously differentiable’
functions are also Lipschitz-continuous: for all x, y € 1, we have that there exists ¢ € (x, y) such that

£ = FOI=1£"©llx = yl.
This yields (5.10) by estimating | f'(€)| < sup ;1 (x)| = C.

Remark 5.13. To seal this section let us streamline the argument from Remark 5.11 a little bit. Let
f:(a,b) — R be differentiable at x, € (a,b). That means that there exists A € R such that for all € >0
there exists 6 > 0 such that

f@-flxo)

X— X0

Al <E.

0<|x—xpl<d

Setting € = 1, we obtain, using the triangle inequality, that there exists 6’ > 0 such that

f () = f(x0)

X— X0

=1+]A|

for all x € (a, b) with 0 < |x — xy| < &’. Thus, we get
[f(x) = f(x0)| = (1 +]A]|x— xol
for0 < |x—xo| < 6'. Taking

6:min{5’,L},
1+|A|

we get for all € > 0 that
O<|x—xol<d = |f(x)-f(x0)l<e. (5.11)

This implies that f is continuous at xo by Theorem 4.1 as (5.11) means limy_.x, f(x) = f (xo).

5.1.3 Are derivatives continuous?

Let f: (a,b) — R be a differentiable function. Then, the derivative x — f’(x) is not necessary continuous.

ﬂm={x

This function is continuous on [—1, 1] and differentiable on [—1, 1] but the derivative

A standard example is
2 1
X

0 : x=0

sin(l) : xe[-1,1]\{0}

flx)=2x (sin(i)) —cos (i)

TThat means that the derivative of f not only exits on the entire domain of f but f” is itself a continuous function.


https://en.wikipedia.org/wiki/Lipschitz_continuity
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is not continuous at x = 0 as the limit

. 1
}CILI})COS(;)

does not exist.

Figure 5.2: The function cos(%). As x approaches zero, the functions tries to take all values between —1
and 1 and can therefore not have a limit.

Below, we plot f. The reader should use GeoGebra or an equivalent tool to get better pictures as we are
here limited to the inanimate nature of paper.


https://www.geogebra.org
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Figure 5.3: A plot of f(x) = x*sin(1).

60
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Figure 5.4: A more detailed plot of f(x) = x*sin (1) around x = 0 with the enveloppe +x?.

5.2 Operations with differentiable functions

As we have done in Section 4.5 for continuous functions, we investigate now what operations we are

allowed to do with differential functions and how the resulting derivatives are computed.

Theorem 5.2 (Chain rule).
Letg:[a,bl — R and let f: I — IR, where I € R is an interval containing the range of g, so that
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fog is defined. Suppose that g is differentiable at xo € [a, bl and f is differentiable at g(xy). Then,
h = f o g is differentiable at xo and

R (x0) = f'(g(x0)) g’ (x0)-

Remark 5.14. In the composition f(g(x)) we refer to f as the outer function, and g as the inner function.
We can describe the basic mechanism of the chain rule as follows: differentiate the outer function holding
the inner function as a constant. Then, multiply the result by the derivative of the inner function. If there is
a composition of more than two functions, e.g. f(g(h(x))), the above process is simply repeated as many
times as necessary. We leave it as an exercise to write down a precise statement for that case.

Remark 5.15. A proof that can often be found in text books works as follows:
lim flglxo+h)—f(glxp)) lim F(glxo+h)— f(g(x0)) glxo + h) — g(xp)
h—0 h © h—0 h g(xo + h) — g(xo)
lim fg(xo+h)— f(g(xo)) glxo+ h)—g(xo)
h—0  g(xg+ h)—g(xo) h
lim F(glxo+h) - f(g(xp)) lim g(xo + h) — g(xo)
h—0 glxo+h) —glxp) h—0 h
_ (lim f(glxo+h)— f(g(xO))) '(x0)
h—0  g(xo+h)—g(xo)
_ (hm J(g(x0) + g(xo + h) — g(x0)) — f(g(x0)) ) &' (%)

h=0 g(xo + h) — g(xo0)
_ (ltmé f(g(xo) + t;— f(g(x0)) ) &' (x)

= fl(gx0)g (x0),

where we set t = g(xo+h)—g(xo). There are several sins in this proof. Can you spot them? First, the proof
does not apply to constant functions g since you then commit the deadly sin of dividing by zero. Also, the
function g(xo + h) — g(xo) might be 0 for a sequence of h due to oscillations of g. Furthermore, the limits
t — 0 and h — 0 are not equivalent as h — 0 implies t — 0 but, again due to possible oscillations, t — 0
does not imply h — 0. Also, the step of computing the product of limits (3rd equal sign) is only justified if
we can ensure the existence of both (see Theorem 3.2) and the existence of

lim f(glxo+h) — f(g(x0))
h—0  g(xo+h) - g(xo)
is unclear due to the limits t — 0 and h — 0 not being equivalent.

As a final remark let me make clear that the proof works if one excludes the following situation: g has the
following property:

deg > 0Ve € (0,e9]dx € (X9 — €, x0 +€) \ {xo} suchthat g(x)=g(xop).
A way to fix the problem is given in the proof below.

Proof. Orthodox proofs of the chain rule are somewhat technical and often opaque to students. However,
the proof presented in the slides can be extended into a mathematically rigorous argument. We follow
Peter F. McLoughlin who presented this proof in the American Mathematical Monthly as a page filler. See
January Issue of 2013 p. 94 or here.

First, when g(x) — g(xo) # 0, we can write

fgx) - f(g(xo)) _ fgx) — f(g(xo)) g(x)— gl(xo)
X=Xy g(x) — g(xo) x—Xxo

(5.12)


https://www.jstor.org/stable/pdf/10.4169/amer.math.monthly.120.01.084.pdf
http://www.math.csusb.edu/faculty/pmclough/CR.pdf
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Case I: We assume that for every € > 0 there exists an x € (xp — €, xp + €) \ {xp} such that g(x) = g(xo).

Picking such a sequence, we get
8(xn) — g(x0) _

lim 0.
n—+oo Xn — X0
Since g is differentiable, i.e.
lim g(x) — g(xo)
X=Xo X — X
exists and the uniqueness of limits, we get
lim §X) 8% _ o (5.13)

X=Xo X=X

Let now (x,),eN € (a, b) be a sequence with x, — xp as n — +oo. We can partition (x,) ,ey into two sub-
sequences (Xp)eN S (Xn)neN @nd (Xp)keN S (Xn)neN SUCh that g(xy,,) = g(xo) and g(xp,) # g(xo).2
Thus, we get

. f(glxn)) - f(g(xo)

m =0.

li
I—+00 Xn; — Xo

For (xp,)keN, We can use (5.12) to get

o FEED - F0) L F(8C) ~ F(g(x0)) glin) — 8(0)
k—+o00 Xp. — Xo k—+oo  g(xp,) — g(x0) Xp — Xo
fgxn ) - flgx)) .  glxn)—glxo)
= - lim ——— =0
k—+o00 g(xnk) - g(xo) k—+o0 Xny — Xo

by (5.13). Thus, we have
lim f(g(xn)) — f(g(x0)) _

n—+oo xﬂ - xo

0.

This gives the result in case |.

Case Il Let us assume that there is an € > 0 such that g(x) # g(xo) for all x € (xo — €, x0 + €). Then the
result follows by taking limits x — xp on both sides of (5.12) and basic limit calculus. O

Example 5.7. Let us compute a couple of examples with the chain rule:
1. h(x) =sin(x?), h'(x) = cos(x?) - 2x, f(x) =sin(x), g(x) = x>
2 W =0+0"2, MW =-10+0"7-1, fx) = L g =1+x
3. h(x) = e B/ (x) = e . (2x cos(x?)), f(x) = e*, g(x) = sin(x?).
Theorem 5.3 (Arithmetic operations with differentiable functions).
Let f, g:la, bl — R differentiable at xy € [a, b]. Then
1) (A- ) (x0) =A- f'(x0), forall L e R,

2) (f+8) (x0) = f'(x0) + &' (x0),

3) (f-8) (x0) = f(x0)g(x0) + f(x0) g’ (x0),

20ne of them could be empty, the argument proceeds nevertheless. Do you see that?
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! ! _ !
4 (ﬁ) (xp) = L 2B T OV TO) ey () 0.

82(x0)

Proof. Property (i) is clear by the arithmetic rules for limits. Let us proof property (ii). We compute

(f+@o+h—-(f+x0)  [flxo+h)+gxo+h)— flxo) — glxo)
h - h
f(xo+h)— f(xo) N g(xo + h) — g(xo)
= . N .

Taking the limit & — 0 on both sides yields, since

lim f(xo+h)— f(x0) . 8lxo+h)—g(xo)

lim " and }llg(l) " (5.14)
exist, the result in (7). For (iii), we calculate
(f@xo+h—(fg)xo) _ flxo+h)glxo+h)— f(x0)g(xo)
h N h
o+ h)glxo+h)— f(xo)g(xo)+ f(x0)g(xo + h) — f(x0)g(x0+ h)
B h
_ (flao+h) - f(x0))g(xo+ h) + f(x0)(g(x0 + h) — g(x0))
= A .

Taking the limit 2 — 0 on both sides gives (iii) since g is continuous at xy and the limits in (5.14) exist.

! ’
Property (iv) follows by combining (iii) with the chain rule since (é) (x)=— 52(?). We can prove the rule
also directly by

(§) @o+m-(£) oo - 1 f(xo +h)g(xo) = F(x0)g o + h)
h h " h g(xo +h)g(xo)
1 fxo + h)g(xo) — f(x0)g(xo + h)+ f (x0) 8 (x0) — f (x0) 8 (x0)
h g(xo + h)g(xo)
1 (f(xo +h) — f(x0))g(x0) 1 (g(xo+ h)—g(x0)) f(xp)
h g(xo + h)g(xg) h g(xo+ h)g(xp) )

Taking the limit 7 — 0 and basic limit calculus provides the result due to (5.14) and the fact that g is

continuous at xy (see Thm. 5.1). O

Exercise 5.2. Use Theorem 5.3 to prove that polynomials of any degree are differentiable on R. Remem-
ber, a polynomial of degree n € Ny is given by

n
px) =Y apxk,
k=1
where the ay are real numbers. (Hint: Start with p(x) = ap and p(x) = a;x and work your way up from
there. Induction is your friend.)
5.3 Properties of differentiable functions

We introduce the notion of a stationary point by

Definition 5.3 (Stationary point).
Let f:[a,b]l — R and xq € (a, b). If f is differentiable at xo and f'(xo) = 0, then we call xy a stationary
point of f.

We prove now
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Theorem 5.4 (Fermat’s Theorem).
Let f:[a,b] — R and suppose f is differentiable at xy € (a, b). Suppose that f has a local maximum
at xo. Then f'(xo) =0, i.e. xo is stationary point of f.

Proof. We have, by the definition of local maximum, that there exists a 6 > 0 such that
flxo+h) —f(xg) <0 VIhl <6

which yields
lim [ (xo+h) - f(xo0) -

0
h—0+ h

and
lim f(xo+h)— f(xo) >0
h—0— h

f(X()Jrh)*f(X())
h

Since limy,_.q exists, we must have

lim f(xo+h)— f(x0) _

0
h—0 h

since the left and right limit must be equal. O
From Fermat’s theorem, we get immediately

Corollary 5.1 (Classification of extrema).
Let f: [a,b] — R. Then the (local/global) maxima and minima of f can only be at points xy of one of
three types:

(i) stationary point of f,
(i) a point in (a, b) at which f is not differentiable,
(iii) at the boundary of [a, b], i.e. at x=a or x = b.
Example 5.8. Consider f(x) = x> and g(x) = |x| on [-1,1]. Then, we have that the global minimum of
f is a stationary point, xo = 0 and the global maxima are on the boundary at x; = -1 and x, = 1. For g,

we have that the global minimum is at a point where the function is not differentiable, namely xo = 0. The
global maximuma are at x; = —1 and x, = 1.

The next theorem is quite intuitive and has many applications in Analysis.

Theorem 5.5 (Rolle’s Theorem).
Let f : [a,b] — R be continuous and differentiable on (a,b) and f(a) = f(b). Then there exists an
Xo € (a, b) such that f’(xp) = 0.
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Figure 5.5: lllustration of Rolle’s Theorem.

Proof. First, if f is constant, the result is clear. Now, let f not be constant, i.e. there exists a c € [a, b]
such that f(c) # f(a). Since f is continuous on [a, b], by the EVT (see Thm. 4.7) there exist xmax and
Xmin iN [a, b] where the function f attains its maximum and minimum respectively. Since f(a) = f(b), at
least one of the two is in (a, b), denote it by x. By the theorem of Fermat, we have f’(xo) = 0. O

Note that for Rolle’s theorem, we require continuity on the closed interval [a, b] but differentiability only on
the open interval (a, b). The proof is deceptively simple, but the result is nevertheless non-trivial since it
relies on the Extreme Value Theorem (see Thm. 4.7), which, in turn, relies on the completeness of R.
The theorem would not be true if we restricted attention to functions defined on the rationals Q.

The mean value theorem is an immediate consequence of Rolle’s theorem.

Theorem 5.6 (Mean Value Theorem).
Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b). Then there exists xy € (a, b)
such that

f(b) f@
[l == ———.

Graphically, this result says that there is point x € (a, b) at which the slope of the graph, i.e. the slope
of the tangent at y = f(x) at xo, is equal to the slope of the secant through the endpoints (a, f(a)) and
(b, f(D)).
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Figure 5.6: lllustration od the Mean Value Theorem.

Proof. We define an auxiliary function g by

e T -fl@
gx)= f(x) —Ta (x—a).

This function satisfies g(a) = f(a) = g(b). Thus, the assumptions of Rolle’s theorem are satisfied since g
is continuous on [a, b] and differentiable on (a, b). Thus, there exists an xj € (a, b) such that g’(xg) =0
which implies

b) —
f’(xo)——f(;_i:(a)zo

The proof is complete. O

The next lemma is simple yet of some use to us in the remainder of these notes.

Lemma 5.1.
Suppose f : [a, bl — R and differentiable on [a, b]. Further, let f'(x) =0 for all x € [a, b]. Then there

exists c € R such that f(x) = c for all x € [a, b].

Proof. For all x € (a, b], there exists, by Theorem 5.6, a y € [a, x] such that

fx)-fla)

X—a

=f'y=o.

Thus, f(x) = f(a) for all x€ [a, b]. O

5.4 Derivatives of higher order

If a function f: (a, b) — R has a derivative x — f’(x) on (a, b) and [’ is itself differentiable, then we denote

the derivative of f’ by f” and call it the second derivative of f. Continuing, we obtain

3 4 k
f;f/rf”)f( ),f( )’”.,f( )
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each of which is the derivative of the preceding. The function f® is called the kth derivative of f. It is
also called the derivative of order n of f. It is also denoted by

dkf

e
For f®(xo) to exist, f*~V(x) must exist in a neighborhood® (xo — &, xq + &) of xo, and f*~1 must be
differentiable at x. Since f*~1 must exist in neighborhood of xo, "2 must be differentiable in that
neighborhood.

5.5 Function spaces

We consider now the collection of all real functions which are continuous. Thus, functions are considered
as points in an appropriate space which allows us to carry some geometric intuition over to much more
complicated situations than IR".

Definition 5.4 (The space Cla, b]).
Let @ # [a,b] <R be an interval. Then, by Cla,b] = C°[a, b], we denote the set of all functions
f :la, bl — R which are continuous on [a, b].

Exercise 5.3. Convince yourself that Cla, b] is a real vector space, where + is the usual pointwise defini-
tion
+:Cla,b] x Cla, b] — Cla, b]
(f.8)—F+s
where (f + g)(x) := f(x) + g(x) for all x € [a, b], and
-:R x Cla, b] — Cla, b]
A )= Af,
where (Af)(x):=A- f(x) for all x€ [a,b]. The - in A- f(x) is the product of R.
Let us generalize Definition 2.1 from IR” to a general real vector space.

Definition 5.5 (Norm).
Let V be a real vector space. Then a function |- | : V — R is called a norm if

(P1) llxll =0 for all x€ V and || x|| = 0 iff x = 0. (Positivity)
(P2) ForallAeR, and all x€ V, |Ax| = |Alllx]l. (Homogeneity)

(P3) Forall x, y € V, we have

lx+yll < llxll+lyl. (Triangle inequality)

Now, we introduce a norm on Cla, b]: for f € Cla, b], we set

I fllco:= sup |f(X)I.

x€la,b)

Since we have that |- | is a norm on R, we get that | - [l is @ norm on C°(Q) with the properties
3

or in a one-sided neighborhood (xy — 8, xpl, [xg, Xg +9) if x¢ is a boundary point of an interval on which f is defined.
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(P1) Iflleoc=0and || flloo =0iff f=0,

(P2) 1A flloo = 1A flloo, @and

(P3) If+&lloo =Nl flloo +1€glloo-
Definition 5.6 (The space C*[a, b]).

We say f € C*[a, b) iff
Vje{l,...,k}: fPeckia,b.

Exercise 5.4. Convince yourself that all C¥[a, b] are real vector spaces and that, for k = 1, the derivative
4. Ck[0,1] — C*'(a, ] is a linear map from C¥[0,1] to C*~1[a, ).

Also on the space C¥[a, b], k = 1, we can introduce a norm:

Ifllce = 1flloo+ 1P lloo + -+ 17 P lloo
k .
= Z”f(l)”oo
i=0

Definition 5.7 (The space C*[a, b]).
We define the space C*°|a, b] by

C*[a,b) = () C*1a, b).
k=0

Remark 5.16. It is clear, that one can not simply extend the norm-definitions from C¥[a, b] to C*°[a, b] as

we need to involve series.

Remark 5.17. The above spaces can easily be defined on open intervals (a,b). However, then we can
not easily introduce a norm as we have no Extreme Value Theorem on open sets which guarantees the
boundedness of continuous functions. Clearly, f € C(0,1) for f(x) = % but || f lleo is not finite.
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Differentiation of functions on R”

In this chapter, we generalize the notion of differentiability from function of one variable to functions of
several variables. Further, we will allow the co-domain of f to be R™ for m=1.

6.1 Definition

The definition we are going to start with, is a multi-dimensional generalization of the characterisation of
differentiation at a point by approximation by a linear function as described in point 2 of Remark 5.2.

Definition 6.1 (Total Derivative).
LetQ cR" be an open set and let f : 2 — IR be a function. Then, f is called differentiable at xy € Q
if there exists a linear map L:IR" — R and a function r : R" — IR™ such that

Fo+h) = FG0) + L bt r(h) 6.1)
and Il
r 2

=0. 6.2

o0 Il 62)

Remark 6.1. It is worth noting, that the map L depends on xy, i.e. L= L(xy). Also, the dependence on x,
has not to be linear but only L(x() has to be a linear map for every fixed xy. See also the next example.

Example 6.1. We consider

34
FRE=R? flu,x)=|1 2

X1+ X2
We set xo = [x1 %217, h = [h; he]T and calculate

x+h)3+x+h
fxi+hy,xo+hy) = Gt h) 2T
x1+h1+x2+h2

3

_ X7t X2 + 3h1x%+3h%x1+h:f+h2
X1+ X2 h1+h2

o [Hx .\ 3x2 1] [m .\ 3h2x + k3
X1 + X2 1 1] |h 0 '

By that we have that f is differentiable for all x, if we can show

i Il _
=0 Ikl

70
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for

2
X1

The matrix which is the total derivative D f (xo) for the f in the example, depends on the point

where the derivative is computed and the dependence is not linear. However, the matrix defines a linear

3X% 1 hl
1 1|kl

Exercise 6.1. Prove (6.3) in the previous example.

map from R? to R? by
h
hy

—

One can give an alternative definition of differentiability by

Definition 6.2 (Total Derivative II).
LetQ cR™ be an open set and let f : 2 — IR be a function. Then, f is called differentiable at xy € Q
if there exists a linear map L:R"™ — IR and a function r : R — R such that

iy I G0+ 1) = f (ko) = Ll _
=0 1712

0. (6.4)

Lemma 6.1.
Definitions 6.1 and 6.2 are equivalent.

Proof. [=] Let Q = IR" be an open set and let f: Q — R™ be a function. Let f be differentiable by
Definition 6.1. From (6.1), we get
f(xo+h)— f(x9) —Lh=r(h).

Then, taking norms on both sides, dividing by ||k]l» and the limit 2 — 0, we get (6.4) by (9.13). Thus, f is
differentiable at xo by Definition 6.2.

[<]: Let Q< R" be an open set and let f: Q — IR™ be a function. Let f be differentiable by Definition
6.2. Take the L from (6.1); then we have

fxo+h) = f(xo)+ f(xo+h)— f(xo)
= f(x0)+L-h+f(x0+h)—f(x0)—Lh.

Setting r(h) = f(xp + h) — f(xp) — Lh, we are left to prove that

ol
=0 Ikl

This follows from (6.4) by

lim Ir(mll2 _ lim ILf Cxo +h) = f(x0) = Lhll2 _ 0.
h—0 |hlz k-0 IAll2

Lemma 6.2 (Uniqueness of the total derivative).
LetQ < R" be open and f : Q — IR be differentiable at xy. Then, L in Definition 6.2 (and by the last
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Lemma in Definition 6.1) is uniquely determined.

Proof. Let L, M:IR" — IR™ be linear maps satisfying at x (6.1). Then

ILh—Mhl2  _ lim = f(xo+h) + f(x0) + Lh— Mh+ f(xo+ h) — f(x0) ll2
h—0 k2 h—0 I Rll2
< lim | = f(xo+h)+ f(x0) + Lhll
h—0 Al
lim | -Mh+ f(xo+h) - f(xo)ll2 —0.
h—0 I hll2

Now, let v € R™\ {0} and set i = tv. Then, by the linearity of M and L, we get Mh = tMv and Lh = tLv.
Thus, we obtain

. lILh—Mhl,
lim ——— = 0
h—0 Al
_ [tILv— Muvll2 _ ILv—Muvl2
=0 [t V]2 vz ’
Hence, (L — M)v must be zero. This concludes the proof. O

Remark 6.2. The total derivative has different symbols in the literature. Sometimes it is just denoted by
f'(x0) as in the 1D case or by d fx, -

Remark 6.3. As in the 1D case, we can write (6.1) as
f(x) = f(x0) + L(x — xo) + r (x — xo),
where
I (x — X0)ll2 _

x=xo0 [lx—Xoll2
We can also write this with the small-o notation:

fxo+h) = f(xg) + Lh+o(h).

6.1.1 Directional Derivative
Restricting the directions of & in Definition 6.1, we can give

Definition 6.3 (Directional Derivative).
Letve R"™\ {0}, Q<IR" open, xp € Q, and f : Q — R™. Then, if

lim 71 (f (xo + V) = f(x0)) (6.5)
exists, it is called the directional derivative of f in direction v at xo and denoted by D, f (x).
Theorem 6.1.

LetQ < R”" open, xp € Q, and f:Q — R™. Then, if f is differentiable at xy, the directional derivative
of f at xo exists for all v e R"{0} and we have D, f(x¢) = D f (xp)v.


https://en.wikipedia.org/wiki/Big_O_notation#Little-o_notation
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6.1.2 Partial Derivatives

An important special case of directional derivatives, according to Definition 6.3, are the so-called partial
derivatives of a function f: Q — R™. We set v = ey, where ey is the kth vector of the canonical basis of
R i.e.

where 6y is the Kronecker function given by
0 : j#k
Oj= ] .
1 : j=k
Then, letting &; be the canonical basis of R™, we can write

filx) .
fo=| 1 =X fiwe.
j=1
fm(x)
If f is differentiable (see Def. 6.1), we obtain from (6.5) that

m

Y lim 7 (£ (xo + teg) = f(x0)) &
=

lim 7 (f (xo + tex) — f(x0))

lim—o £ 1(fi (x0 + rex) — fi(x0))

limy—o £ (fin (X0 + tex) — fin(x0))

We set

of; L
G_chc(x()) = ltl_r.l(l)t Y(f (xo + tex) = f(x0)).

We give these special directional derivatives a name by

Definition 6.4 (Partial Derivatives).
LetQ<R" open, peQ, and f:Q — IR™. If the limit

limfj(pl»---’pk—l,pk"‘h’pk+1’---ypn)—fj(Pl,---,Pn)

lim W (6.6)

exists, we denote it by %( ) and call it the kth partial derivative of f; at p.
axp P jatp

. . . Of; L .
Remark 6.4. As you can see in (6.6), that means that the partial derivative a—g (xo) is given by the deriva-
tive of the component function f; with respect to the variable xi. All other variables are left constant. In
the special case m = 1, we can write

ﬁ(p): lim f(Pl,---’Pk—l,Pk"‘hrpk+1r---’pn)—f(Pl,---’Pn)'
0xy. h—0 h

where p = [p1,...pnl’ € Q. Compare Definition 5.1.
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Example 6.2. Consider f: R?> — R, f(x,y) = 2x*>+3y, (x,0) € R?. First, we compute the partial

derivative with respect to x:

of . flxo+h,y0) - f(x0, o)
— (xo, = 1
5y 0 0) [ h
_ 2xo+ M +3y0-2x3-3y0 . 4xoh+2h?
= lim = lim
h—0 h h—0 h
= 4.X,'0.

Now, we compute the partial derivative of f with respect to y:

of [ (xo, yo + h) — f(x0, yo)
—_ , - 1
ay o = fim 7
. 2x3+3(po+h) -2x3-3y0 . 3h
= lim = lim —
h—0 h h—0 h
= 3.

Theorem 6.2.
Let Q < R" open, xo € Q, and f:Q — R™. If f is differentiable at xy, then all partial derivatives

of; . . : ;
6—Qc(x0), j=1,....m, k=1,...,n exist and the total derivative D f (xo) has the matrix representation

B Lo .. PLow
Df (xo) = : : .. :
L) ) .. )

Remark 6.5. The converse of the last theorem is not true. The existence of all partial derivatives does not
imply that f is differentiable. In fact it does not even imply that f is continuous. As an example consider

Py . 2,2
Fx,y) = pv A x“+y #0 '
0 x=y=0

To show that this function is not continuous, one has to choose curves other than straight lines going
through the origin. In fact, if you choose the coordinate-axis or a line y = L(x) = mx and consider f (x, mx),
you find that the limit is 0 as x tends to 0. However, the "symmetry" of the function suggest to look at points

(a, a®) which lead to

a?-a® 1

2
a,a’)= ——=—,
It ) at+at 2

Since we can choose (a, a®) arbitrarily close to (0,0), we get the discontinuity of f at (0,0).

6.2 Meaning of Differentiability in R"
If f:Q— IR, then the function graph
{x, f(x) eR" 1 xe R"}

is a hypersurface in R"*!. The word hypersurface means that the dimension of the surface is one less
than the surrounding space. For example, the sphere {(x, y,2) € R3: x*> + y? + 22 = 1} is a 2-dimensional
hypersurface in IR3 as is any plane. In R3, the hyperplanes are just called planes but in R”, we dis-
tinguish the different planes. in IR* we have the hyperplanes which are 4 — 1 = 3-dimensional, we have
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(a) The function f from one perspective (b) and from another respective.

Figure 6.1: GeoGebra plots of f from different perspectives. Use GeoGebra to get a better impression of
the function and to see the non-differentiability at (x, y) = (0,0).

2-dimensional planes and 1-dimensional planes which we call lines.
The function f is then differentiable at x if there exists a tangent plane at xy, which is a hyperplane in
R"**! (since the graph lives there), which is the graph of

g(x) = f(x9) + L(x — x0p).

The set of points V = {(x, Lx) : x € R""} is a sub-space of R"*! and the graph of g is given by V + (xo, f (xo)).
See Analytic Geometry/Linear Algebra. This can be interpreted as small changes in x lead to only small
changes in f(x) (in a linear way).
Consider

fx,y) =-[(x-D*+(y-D?*]+5

which is a function f:IR? — R. Thus, the graph {(x, f(x)) : x e R?} cIR? is a 2-dimensional (hyper)surface
in R3.

Figure 6.2: The function f with its tangent plane E(x,y) =7 —2x+2y at (xo, yo) = (2,0).
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For (x, y) close to (xo, yo) = (2,0), one could then write

X=X
fxy) = f(xo,y0)+L ]
Yy=Jo
— af of X=X
= f(xo,y0) + |33 (X0, ¥0) 7 (x, )
[6x oy ] Y=
= 7-2x+2y.
For a function f:Q — IR, Q < IR" open, one may say
Axy
AXZ
FO A%, X+ A%~ flox)+ | LW ZLw o Lw
AXxp

[, ., x0) + Z ——(X1,..., Xp)AX;.
i=1 axl

if f is differentiable at x € Q. The x;+Ax; are just another way of writing x; + h;, which are the components
of x+ h. Engineers and scientist like this notation and you may see it here and there.
See also your lecture notes from Mathematical Methods |l.

This finds applications in error considerations in physics and engineering as one can calculate how much
measuring errors propagate into final results. This way one can determine how certain results are and
what quantities need to be measures with greater care. See also the Wikipedia article on Propagation of
uncertainty or the Weppage Uncertainty as Applied to Measurements and Calculations from John Denker.

You can also find some information


https://en.wikipedia.org/wiki/Propagation_of_uncertainty
https://en.wikipedia.org/wiki/Propagation_of_uncertainty
http://www.av8n.com/physics/uncertainty.htm

CHAPTER

Compactness

7.1 Definition

Definition 7.1 (Open cover).
LetQ cR" be a subset and (O,) 41 be a collection of open sets O, < IR" indexed by some (possible
uncountable) index set 1. Then we say that (O,)q4c1 is an open cover of Q iff

Qc O,

ael

i.e. for all x € Q there exists an « € I such that x € Oy.
Example 7.1. Let Q ={1,2,3}. Then, the family {O1, 02,03} = (Oa)aen 2,3 With O1=(3,3), 0= (3,3),
and O3 = (3, %) is an open cover.
Example 7.2. The set Q= [0,1] is covered by {01, D2} = (Og)qeqn, 2y With O = (-1,1), and O, = (0,2).

Example 7.3. The closed square [0,1]? is covered by the 4 open balls of radius 1 around the corner points,
ie. {01,.. .,04} = (Oa)ag{l,z’sA} is an open cover with 01 = Bl((0,0)), 02 = Bl((l,O)), 03 = Bl((O, 1)), and
O4=B1((1,1)).

Definition 7.2 (Finite sub-cover).
Let Q < IR" be a subset and (O,)qc1 be an open cover of Q. We say that (Oy)qc; admits a finite
sub-cover iff there exists a finite subset J < I such that

Qc 0.

ac]

Definition 7.3 (Compact set).
A set Q cIR" is called compact iff every open cover (Oy)qacr of Q admits a finite sub-cover.

Remark 7.1. One also says that Q <IR" is compact iff it has the Heine-Borel property. The Heine-Borel
property is that any open cover of Q admits a finite sub-cover.

Example 7.4. First we consider a couple of non-examples and the simplest examples and then we give
criteria that identify the sub-sets of R" which are compact.

77
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1. The set (0,1) is not compact as the cover g~ (€,1) does not admit a finite sub-cover. Notice that
(e2,1) > (e1,1) if0 < g2 < €1 but never (0,1) = (¢,1) however small one chooses € > 0.

2. R is not compact as the open cover

R=|J(RR
R>0
does not have a finite sub-cover.
3. R" is not compact as
R"= R R)"
R>0

does not admit a finite sub-cover.

4. A point {x} (and with that any finite set) is a compact set since from any open cover (Uy)qer, We
can choose always one Uy, that covers {x}. Compare the Definition of open sets Definition 2.6.

Theorem 7.1.
The closed interval [a, b] is compact.

Proof. Assume that there exists an open cover (Og)qe; Of [a, b] which does not admit a finite sub-cover.
We bisect the interval into
[a) b] = [a) Cl] U [Cl, b]y

where ¢; = %b. Now, (Og)qer also covers [a, c;] and [c1, b]. At least one of them does not admit a finite
sub-cover, since otherwise the union of the two finite sub-covers would e a finite sub-cover of [a, b]. We
call the non-coverable interval I; and repeat the bisection and the same argument. We then obtain a
sequence of intervals with

Lob>olzc...

such that the length of I, is given by |b— al|2™". Moreover, by construction, none of the I,, can be covered
by a finite sub-cover of (Oy)qcr. We pick a sequence (xi) e by picking xi € Ir. By construction, for all
m, k = ko, we have x,,, xi € I, and, hence,

|%m — Xkl < |b—al2™% < |p— g2 Fo*1,

Thus, the sequence (xx) e is @ Cauchy sequence and, by the completeness of IR, it converges to a point
x € [a, b]. Since (Oy)qes covers [a, b] there must exist an a € I such that x € O,. Since the O, is open
there exists an ¢ > 0 such that B.(x) € O, and, since x; — x as k — +oo, we can choose K > 0 such that

€
k=K = ka—x|<§
and such that 27%*!|b—a| < §. Then, y € Ix implies
e €
Ix—ylslx—xK|+|xK—y|<§+5=£.

This means Iy € B:(x) € O, and, hence, Iy is covered by a single element of (Oy)qc;. This contradicts
our assumption since by construction, non of the I, can be covered by a finite sub-cover of (Oy)ge;. O

Using the same technique, one can show
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7.2 Properties of compact sets

Proof. Let x € R" be a limit point of Q with x # Q. We show that Q can then not be compact. We do that

by constructing an open cover of Q which has no finite sub-cover. Let

X, = {yeR":d(y,x)>¢}
= R"\{yeR":d(y,x) <¢}.
The set X, is open (see Proposition 2.3) and (X¢)ee(0,+00) COVErs Q since
R"\{x} = | X..
>0

Since x is a limit point of Q, we have that for every € > 0, the set X, contains at least one more point of Q

O

which implies that (X¢)ee(0,+00) do€s not admit a finite sub-cover.

Proof. The family (Br(0))re(,+00) iS @n open cover of Q and, since Q is compact, there exists a finite
sub-cover Bg, (0),...,Bg,(0). Then, Q is contained in Br(0) with R = max{R;,...,R,}.

O

To prove that we first prove the following generalisation of Theorem 1.3.

Proof. Let (xi)ren, SR be a bounded sequence, i.e. there exists a constant C > 0 such that || x,[l2 < C

0., xP1T. The sequence (x{¥) e, of first components of the elements

for all n = 0. We denote x; =[x
of (xx)xeN, is @ bounded real sequence. Thus, by Theorem 7.6, there exists a convergent sub-sequence
(xik’))zelNo c (x{k))kE]No. Now we consider (xi,)enN, the corresponding subsequence of (xi)reN,- By the
same arguments, we can now pick a convergent subsequence of the (xék’))le]NU and thus a corresponding
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sub-sequence of (xi,) e, Which is then a subsequence of (xx)reN,- Continuing like this for the remaining
n—2 components, we obtain a sub-sequence of (xi)en, in which the sequences of all components
converge and, therefore, the sequence itself converges in R". O

Now to the proof of Theorem 7.5.

Proof of Theorem 7.5. By Theorems 7.3 and 7.4, we have that Q is closed and bounded. Thus, any
sequence (Xp)neN, S Q is bounded and, by Theorem 7.6, has a convergent subsequence (x,)eN,-
Since (xi,)eN, S Q, we have, by Remark 2.11, that the limit of (x,);en, belongs to Q. O

We now prove a property of closed sub-sets of compact sets.

Theorem 7.7.
Let Q = R" be compact and C < Q be closed. Then, C is compact.

Proof. Let (Og)qer be an open cover of C. By Proposition 2.3, we have that IR \ C is open since C is
closed. Thus, (Oy)acr UIRR™\ C covers Q and, since Q is compact, there exists a finite sub-cover that
covers Q. Omitting R" \ C, we get a finite sub-cover of C. O

Remark 7.2. A mistake that one may make at the beginning is the following: Since Q is compact, we have
that every open cover (Oq)qcr contains a finite sub-cover with Q € Oy, U---UOq,.. Since C <, we have
C<c O U---UOq,. This does not prove the claim in Theorem 7.7 since this only concerns the covers
which also cover Q. However, one has to prove that every open cover of C admits a finite sub-cover.

The main theorem of this section is

Theorem 7.8 (Heine—Borel).
A set Q cIR" is compact iff it is closed and bounded.

Proof. [=]: Follows from Theorems 7.4 and 7.3.
[<]: Let Q be closed and bounded. Then, there is a L > 0 such that

Qc[-L,L]"

By Theorems 7.7 and 7.2, we have that Q is compact. O

7.3 Uniform continuity — Theorem of Heine

Let us recall the definition of a function f: (a, b) — IR being continuous on (a, b): For all xy € (a, b) and all
£ > 0 there exists 6 = §(xg, €) > 0 such that

[x—xpl<d = |f(x)—f(xg)l<e.

Important is, that we can not avoid, in general, that 6 depends not only on ¢ but on the point x, as well.
An example, with the appropriate interpretations at the boundary, is f : [0,+00) — R, f(x) = v/x, where
we have to choose 6 = {/xpe. Can we choose 6 in a different way such that it does not depend on xy? Let
us first consider f on [1,+o00):

VE+V|_

1
|f () — f(x0)] = (\/}_\/X_O)\/E+\/x_o rm

1
[x—xo| < Elx—xol< |x — Xol.
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Which gives us

[x—=xol<0 = [fx)-flxo)l<e

for 6 = . Now let us look at f on [0, 1]. By the triangle inequality, we get

IVx = V/Xol < Vx| + V%ol = VX + Vol

which gives
Wx=vxl® = IVx-vXllVx- vl
< IWVx—vXollVx+ ol = 1x - xol
which yields

[x—x0l <6 = |f(x)-fxo)l<e

for § = €2. Thus, we can choose & = €2 on [0, +00).
For which functions can we do this in general? To investigate this question further, let us first be more
precise. We introduce

Definition 7.4 (Uniform continuity).
Let I be an interval. A function f : I — R said to be uniformly continuous iff for all € > 0 there exists
6 > 0 such that

Vx,yel: |lx—yl<éd = |fx)-fl<e.

Remark 7.3. Let us contrast the definition of continuity again against uniform continuity: for the first, we
have
Vxel Ve>0 36>0:(Vyel: |x-yl<d§) = |f0)-fi<e

while uniform continuity means
Ve>0 36>0 (Vx,yel: |x-yl<b) = If@0)-fyl<e.

Example 7.5. Let us consider f:(0,1) = R, f(x) = % We compute

| f(x0) — ()|_'l—i
fxo fx—x

X0

Xo—X
0 <

1 1
|x—xol = — - —-x—xol.
X0 X

Xox | |xollx|

Now, from |x — xy| < 6, we obtain

1 1
Xo—0<x<xp+6 => —< .
X Xp—0

1 2
< £
Xo—0 — Xo

Assume & < 22, which gives us % < . Thus, we get

=5,

1 12
[f(x0) = f(X)| = —Ix—x0l = ——I]x—xol.
XoX Xo Xo

2
Hence, the choice § = min{%, %} yields
x—x0l<d = [f(x)-f(xpl<e.

Thus, f is continuous on (0,1). However, we will see that it is not uniformly continuous. To prove that, let
us assume that f is uniformly continuous, i.e. for all € > 0 there exists a 6 > 0 such that |x — y| < 6 implies
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If(x)— f(»)| <e. Now, we sete = % i.e. we have a § >0 such that |x— y| < 6 implies | f(x) — f(y)| < %
Thus, we can choose a numbern >0 such thatn < and setx=n and y = g Thus,

|x—y|=|g)<n<6.

Now, we get
1 1

1 2
1f(x)— ()I=‘——— =
J=fl nonlon 2

ifn >0 is small enough. Thus, we reached a contradiction and f can not be uniformly continuous.

From the next theorem, we learn that continuous functions on compact sets are always uniformly continu-

ous on that set.

Theorem 7.9 (Heine’s theorem).
Let f:[a,b] — R be continuous. Then, f is uniformly continuous on [a, b].

Remark 7.4. Let me recall the main ideas of the proof first. The first part is to divide the interval [a, b] in
pieces on which we can control f. By compactness, we can write

[a,b] = Bsux,e0 (X1)U---U B&(xk,s) (Xg).
2 2
We have that for all i € {1,..., k} it holds

X,Y€Bswo (X)) = |f@)-fl<e. (7.1)

2

If we choose now
1
0:= Emin{6(x1,e),...,6(xk,e)}

e get a 6 which depends only on .We would like to have that whenever x,y € [a, b] with |x—y| <6, we
get|f(x) - f(y)| < e. However, we only have (7.1). (See that it is not quite what we need?) What can we
do? We could try to estimate

f)=fDI=1fX) = flxp+fx) = fFDII=SIFX) = fFEpl+1fx) = fFl,

where je{l,...,k} is such that x € Bs(x;,0) (%)) Now we can use (7.1) to get

FG = FOIN S IFG = FOpI+1f o) = FOI <5 + 2 =e

as |x—x;jl <6(xj,¢€) for x € Bow,.e (xj). The details are provided below where | dropped the dependence
-2

on € in the notation.
Proof. Proof of Theorem 7.9. Since f is continuous at x € [a, b], there exists 0 > 0 such that
€
[x—yl<bdx = If)-fWI< 2

We define S
Bg(x)={y€ la,b]:lx—yl< Zx}
2

The Bs, (x) form an open cover of [a, b]. Since [a, b] is compact, there exists a finite sub-cover Bs,, (x),
> dx
B5xk (x) still covering [a, b]. Let now ’
2

5= %min{ﬁxl,...ﬁxk}.
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If now |x — y| <&, we claim that we have | f(x) — f(y)| <&. Since the Bs, (%), ..., Bs,, (x) cover [a, b], we
2 2

by,
have that for all x € [a, b], there exists a j € {1,...,k} such that x € Bax]. (x),i.e. [x—xjl < Tj < 6xj and,

2
therefore, | f(x) - f(x;)| < % (that is how we choose the 6, in the beginning.) Moreover, we have
6xj Xj
ly—xjl<ly—xl+|x—x;]< > + > :6xj
which then gives | f(y) - f(x;)| < 5. Thus,

£
2

FO) = PN IG = FOpI+1f D) = fEpI <5 + 2 =e.
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Sequences of functions

8.1 Notions of convergence

Consider f;, :IR — R with f,(x) = e f x = 0, we have f,,(x) = 1. If x # 0, we have f,(x) = e =
(e’xz)". This implies f,,(x) — 0 as n — +oo. Hence, (fu) neN, for every fixed x to

x=0

1
(x) = .
I {0 : x#0

Note that the limit function f is not continuous even though all f;, are continuous functions. Let us make
this notion of convergence more precise with

Definition 8.1 (Pointwise convergence).
Let Q € R" and (fn)nenN, be a sequence of functions f, : Q — R. We say f, — f pointwise as
n — +oo iff

JHm f(x) = (0, (8.1)

where (fn(x)) pen, € R-

The line (8.1) can be rewritten as
VxeQ Ve>0 3FAng=no(x,e)eNg: nzny = |fp(x)—fl<e.

Note the dependence of ng not only on € but also on x. In the above example, one can see this clearly
as ng must be larger and larger as x is closer and closer to 0. The result is, that the limit function f is not
continuous. Could we get better convergence behavior if we ask | f,,(x) — f(x)| < € not for one point but
over all x € Q, i.e. we define convergence by requiring that there exists an index ng such that f;,(x) differs
from f(x) no more than ¢ for all x. To be more precise, let us introduce

Definition 8.2 (Uniform convergence).
Suppose Q € R" and (fy) neN, IS @ sequence of functions f,, : Q — R. We then say f, — f uniformly
as n — +oo iff

Ve>0 3dnp=nole)eN: n=ny = suplf(x)—frx)l<e. (8.2)
xeQ

Generalizing the considerations in Section 5.5, we denote by C(Q) the set of all continuous functions
Q — RR. The reader may convince herself that C(Q) is a real vector space. As before, we can introduce a

84
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norm by
I fllq:=sup|f(x)]
xXeQ
As in the case of Q = [a, b], we can only expect the norm to be finite if Q is a compact set. See Theorem
??. When necessary, we will make the appropriate remarks.

We can restate (8.2) as

Ve>0 dngeN:nz=ny = |fu—-fl<e

or
M= flleo =0.

Proposition 8.1 (Uniform = pointwise).
LetQ cR" and (fn)neN, be a sequence of functions such that there exists a function f : Q — R with
fn— [ uniformly. Then f,, — f pointwise.

Exercise 8.1. Prove Proposition 8.1.
We can of course formulate a Cauchy-criterion

Definition 8.3 (Cauchy criterion).
Suppose Q < R" and (fu)eN, iS @ sequence of functions f,, : Q — IR is uniformly Cauchy on Q of
for every € > 0 there exists ng € N such that

Vm,n=np : sup|fn(x)— fmx)| <e.
xeQ

One can prove the following

Theorem 8.1.
Suppose Q € R" and (fu) e, iS @ sequence of functions f,, : Q — R. Then, (fy,) is uniformly
convergent iff it is uniformly Cauchy.

Exercise 8.2. Prove Theorem 8.1. First assume that (fy),enN, IS uniformly convergent and deduce that
it is Cauchy. Review the case for real sequences. For the converse prove first that (fn(x)pen,) € R
is Cauchy in R and then set f(x) = lim, 1o fn(x) for all x € Q. Then show the uniform convergence

fn - f
The central result of this section is

Theorem 8.2.
Suppose Q € R" and (fu)neN, s @ sequence of continuous functions f, : Q — IR. Assume that
fn — f uniformly for a function f:Q — IR. Then, f is continuous.

Proof. We assume that there exists a function f such that (f;,) e is uniformly convergent to f. We show
that f is continuous, i.e. that for all xo € Q and all € > 0 there exists a § > 0 such that

lx-x0ll2<é6 = [f(x)-flxo)l<e.
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We compute

IA

[f(x) = f(x0)l sup | f(x) — f(xo)l

xeQ

= sup|f(x) = fu(x) + fu(x) = f(x0)l
xeQ)

= suplf(x) = fu(x)] +supl fr(x) — f(x0)l.
xeQ xeQ
Since f, — f uniformly, there exists 71 € N such that sup,cq | f(x) = fu(x)] < §. Thus, we have

IF) - f)l < = +suplfa(x) — Flxo)]
3 xeQ)

§+sup|fn<x) — fn(x0) + fn(x0) = f(x0))|

xeQ

IA

§+8up|fn(x) — (o) +sup| fn(x0) — F(xo)l.
xeQ)

xeQ

By Proposition 8.1, there exists 1, € IN such that sup e | fu(x0) = f (x0)| = | fn (x0) — f (x0)| < § for all n = ny.
Further, the f;, are continuous on Q, hence, there exists for all n = ny = max{n, np} a 6 =6(n,e) >0 such
that sup e | fn(x) — fu(x0)| < §. Thus, we have that

VxpeQ Ve>0 36>0: lx—xplla<d = [f(x)— f(xo)l<e.

8.2 Examples & counterexamples

Example 8.1 (Do pointwise limits preserve boundedness?).
Consider (f;) new with f,:(0,1) — R given by

n

fn(x) =

nx+1

We have
1

nLlIJIrloofn () = nLHPoo x+1 x
n
Thus, f,, — f pointwise as n — +oco. We have |f,(x)| < n for x € (0,1), i.e. f, is bounded on (0,1) for any
n but the pointwise limit is not.

Example 8.2. One can make the last example stronger. A pointwise convergent sequence need not to be
bounded even if it converges pointwise to 0. Consider (f,) ,ew With f,, 1 [0,1] — R defined by

2n%x : 0s<

X< 5

_ 2(1_, . L 1

a0 =9 2n*(5-x) : 5 <x<s,
1

0 ﬁSXSl

If x € (0,11, we get f(x) =0 forall nz 1, ie. f,(x) =0 as n— +oo. If x=0, we have f,(x) =0 for all
n=1. Thus, f, — 0 pointwise on [0,1] as n — +oco. We have maxye(p,1] fn(x) = n — +o0 as n — +oo.
Exercise 8.3. Consider (f,,) ,ew With f, : R — IR defined by

sin(nx)

fn(X)Z N .

The sequence f;, converges pointwise to f =0 as well as uniformly. For all € > 0, we have || f;llo < € for
nz|L1]+1, where | 1] means the largest integer smaller or equal to L.
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8.3 (Real) Power series

87

For this section, you may also review your Analysis | notes. You will learn much more about power series

in the complex setting in the module Complex Variables.

Proof. We show that for every € > 0 there exists an index ng € N such that
Vvrzny = lIfi—fleo<e.
Since |x"| < R" for x € [-R, R], we have that
+00
Y apx"
k=0

converges for every x € [-R, R] by (8.3). We have

+00 k +00 k +00 &
sup [fu@)—f@)I= sup | Y aex®|< Y laellx“loo= D laxlR".
XE[-R,R] XE[-R,R] [k=n+1 k=n+1 k=n+1

Since (8.3), we have that
. +00 k
lim Y laglR* =0.
k=n
Thus, we have that there exists ng such that

+00
Iakle <eg Vn=nyg.
k=n

Hence, we obtain

sup |fp(x)-f(x)|<e
x€[-R,R]

for n = ny. This concludes the proof.
Example 8.3. The series
+o0 xk
=0 Kk
converges uniformly. We define the exponential function e* = exp(x) by
B +00 xk

efi=) —
5E

Exercise 8.4. Check that (8.4) converges uniformly. Use the Definition (8.5) to prove e**Y = e*eY.

(8.4)
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Example 8.4. We define (see Taylor's Theorem and the Mathematical Methods Il module) the following

functions

sin(x)

cos(x)

+Z°° D ok ©6)
= Ck+1)! ' '
+oo (_1\k

D ok (8.7)

kzzo 2k)!

Exercise 8.5. Check that the series in the definitions (8.6) and (8.7) converge uniformly and deduce

d sin(x) = cos(x)
dx - ’

i 0s(x) = —sin(x)
Tx C = .

You may for the moment ignore the issue of when one is allowed to exchange the differentiation and

summation.’

10One can do that exactly when the series is uniformly convergent.
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Integration

9.1 Step functions and their integrals

first, we remind ourselves about a definition from set theory and introduce the notion of an indicator
function.

Definition 9.1 (Indicator function).

Let A< IR™. Then, the function
XeEA

1
XA(X)={ .
0 X#A

is called indicator function of A.

Remark 9.1. The letter X is a the Greek letter chi.
The following properties of characteristic functions are useful.

Proposition 9.1 (Properties of characteristic functions).
LetlUd beasetand A, B€U.

(i) If A< B then Xp(x) = X 5(x).
(i) The characteristic function of A€ is given by
Xac(x)=1—XA(x).
(iii) For An B, we have X 4np(x) = X 4(x)Xp(x).

(iv) For Au B, we have
XauB (%) =X a(x) + Xp(x) = X A (X)X B ().

(v) The characteristic function of A\ B is given by
Xa\p(x) =X a(x) = X a(X)Xp ().

Exercise 9.1. Prove Proposition 9.1 in detail.

The next notion is a class of simple function which will help us to construct integrals by means of an
approximating procedure.

89
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Definition 9.2 (Step function).
Let IR be an interval. Then, a function g: I — IR is called a step-function if g can be written as

g) =) ciXa,(x) (9.1)
=1

1

forc; € R and A; < I intervals fori=1,...,n.

Example 9.1. The function f:[0,10] — IR, given by

1 : 0=sx=<3
-3 : 3<x<4
gx) =
4<x<9
2 : 9<x=<10

is a step function as we can write
8(x) = X(0,3)(x) —3X(3,4) (%) + 8% (4,9) (x) + 2% (9,101 ().
Example 9.2. The intervals A; in Definition 9.2 can always assumed to be disjoint. We have
g:00,3]1 =R, gx) =Xz (x)+3X,3(x)

which can be written as

g(x) = Xp0,1)(x) +4X1,2) (x) +3X 2,3 (x).

Remark 9.2. From the last example, we get the alternative characterization of step functions. Namely,
g: I — R is a step-function iff there exists a partition (xi,...,X,), where a=x) < xp <---<Xp_1 <X, =D>b
such that g is constant on each of the intervals (x;, x;+1) fori=1,...,n—1.

Remark 9.3. Suppose g is a step function by Definition 9.2. Then, the representation in (9.1) is not
unique. Indeed, we may find &; € R, A; < I fori=1,...,m such that

n m
g =) ciXa ()=} Xz ().
i=1 i=1

Theorem 9.1 (The space of step functions S(I)).
Let I =R be an interval and denote by S(I) the set of all step functions I — IR. Then, S(I) is a real
vector space, i.e. for all f, g € S(I), we have

Af+pugeSU) VA puelR.

Moreover, S(I) is an algebra, i.e.
f-geSW.

Proof. This follows immediately from Definition 9.2 taking into account

Xa()Xp(x) =X anp(X).
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Definition 9.3 (Length |I| of an interval).
Let I <R be an interval. Then, its length |1| is defined to be

lla, b]| = Ila, b)| = |(a, b)| = |(a, b]| = |b- al.

Next, we define the integral of a step function. Thinking intuitively, we would like to set
n
Z(g):= ) cilAil.
i=1

However, as said in Remark 9.3, we need to know that

n m _
Y cilAil =) GlAl,
i=1 i

i=1

where

4

n m
g =) ciax), g)=) &Xz(x).
=1 i=1
Intuitively that is clear but intuition alone is not a proof. We show

Theorem 9.2 (Step function integral, Independence of representation).

91

Let I TR be an interval and g : I — R be a step function. Then, the integral of g, denoted by Z(g), is

defined as ;
Z(g =) cilAil
i=1

where

n
gx) =) cika, (x).
i=1

The value of Z(g) does not depend on the particular representation (9.3).

Let I =[a,b] <IR. Then, we introduce the following notation for a step function f: I — IR:

b
Z(g)=fg(x)dx=fg(x)dx.
1 a

(9.3)

Sketch of the proof of Theorem 9.2. The proof proceed in several steps. We will leave out a couple of

technical details.

Step 1: Suppose, we have two representations of g: I — R as
n n

g =) cika () =) &Xz (x).
i=1 i=1

Then, by Theorem 9.1, we have that
n m
h(x) =) ciXa, () =) CiX ;%)
i=1 i=1

is a step-function and that h(x) = 0. By Definition (9.2), we would have that

m

n
Y cilAil =) Gl Al
i=1

i=1
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would be the integral of k. Thus, if we show that it vanishes, we will have
n m ~
Y cilAil =) GilAl
i=1 i=1

Now, without loss of generality, we assume that g(x) = 0 and we need to show that for any
representation

n
gx) =) ciXa () =0, (9.4)
i=1

i=
we have
n
Z cilA;| =0. (9.5)
i=1

Step 2: We show, using (9.4), that

n
Y cilAil] < 118 llool 11
i=1
which then implies (9.5) if g(x) =0.
To do this, we subdivide the A; as follows: Find disjoint sets By, ..., By such that Uﬁ.\’zl Bj=1

and such that B; N A; is either B; or empty. Then we can write

A=Y IBjl

J:BjnA;#

and, therefore,

n n N N
YoalAil=) Y  clBil=) Y  ciBjl=)_ ajlBjl,
i=1 iZIjZBjﬁAi¢® jZIiZBjﬁAi¢® j:1
where we set
aj = Z Ci
l':BjﬂA,'¢®

which are the values of g on B;. We have ||gllc = max;=1,. nla;| and, therefore,

.....

n
Y cilAil
i=1

N
> ajlBjl
i

N
<) la;lIBjl
j=1

IA

N
lgloo 3 I1Bj1 = lgllool 1.
j=1

This concludes the proof. O
From the previous proof, we get

Corollary 9.1.
Let IR be a bounded interval and f : I — IR a step function. Then

Z(f) = I f Nloo-

Remark 9.4. We can also prove the last corollary directly if we assume that we have shown that a step
function g can always be written as

n
g) =) ciXa, )
i=1
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where the A; are such that A;n Aj = @ ifi # j. Then we have

n n
Z@l = |X cilAil| <) lcillAil
i=1 i=1
n
< max |¢l) A= max |l
i=1,..,n i1 i=1,.,n

9.1.1 Properties of the step function integral Z(f)

Proposition 9.2 (Properties of Z(f)).
Let I =R be a compact interval. Then, the following properties hold for f, g€ S(I):

() |f1€ S and
Z(H=ZAfD.

(i) The map® Z(f) is a linear map from S(I) to R such that

ff(x)dx < 1 flloo-
I
(iii) If f(x) =0 for all x € I, then
/f(x)dx =0.
I
(iv) If f(x) = g(x) for all x € I, then
ff(x)dxzfg(x)dx.
I I

4Also operator, which is a technical term for functions that one uses if the arguments of the function are functions them-
selves. If the range of the operator is R or , we call the operator a functional.

Proof. (i) If fis written as

n
f =) cika(x)

i=1
then | f| can be written as

n
1100 = ) leilX a; (x).
i=1
Using Theorem 9.2 and Corollary 9.1, we get the result.
(ii) Follows from Corollary 9.1 or from (i) by using that f(x) < || flleo < +o0 for f € S(I).

(iii) If fe S and f(x) =0, we have that all ¢; in

n
fx) =) ciXa )
i=1
satisfy ¢; = 0. Thus, by Definition 9.2, we get Z(f) = 0 as the sum of non-negative numbers is
non-negative.

(iv) Follows from (iii) realising that f— g e S(I) and f(x)— g(x) = 0.
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9.2 Regulated functions and their integrals

Definition 9.4 (Regulated function).

Let I = [a,b] be a compact interval. Then f:I — R is called regulated if there exists a sequence
(fn) new Of step functions f,, € S(I) such that f, — f uniformly as n — +oo. The set of all regulated
functions is denoted by R (I).

Remark 9.5. One can characterize regulated functions as follows: a function f : [a, bl — R is regulated iff
both the limit

xhjg fx) and thcl fx)
exist for all c € (a, b) as well as f(a+) and f(b-).

Exercise 9.2. Prove the assertion in Remark 9.5.

Remark 9.6. The reader may convince himself that R(I) is a real vector space. An immediate conse-
quence of the definition is that S(I) € R(I) as a linear sub-space of R(I). since products of uniformly
convergent sequences converge uniformly, and S(I) is an algebra, we get that also R(I) is an algebra.
Thus, products of regulated functions are regulated.

Readers unfamiliar with the terminology of a piecewise continuous function may ignore the definition in
the first reading and replace piecewise continuous simply by continuous in the remainder of the text.

Definition 9.5 (Piecewise continuous function).
Let I =[a,bl <R be a compact interval. Then f:I — IR is called piecewise continuous iff there exist

finitely many points xi,...,xn € I such that
(i) f is continuous on I\ {xy,...,x,} and

(i) the limits
xkl;]:+ fx) and xggzi fx)

existforallk=1,...,n.

We denote the set of all piecewise continuous functions f: [a, b] — R by PCla, b].

Theorem 9.3 (PCla, b] < R([a, b])).
Let f € PCla,b]l. Then f e R(I).

Proof. Since f € PCla, b], there exists a partition a = x; < xp < -+ < xy-1 < X, = b of [a, b] such that f
is continuous on (x;, x;+1) and the limits limy_. ;1 f(x), limy_.,,_ f(x) exist for i = 1,...,n—1. We prove
that the restriction of f to the interval (x;, x;+1), denoted by f\(xi,xm)’ can be uniformly approximated by
step functions on [x;, x;+1]. We can extend f|(xi,xi+1) to a function f|[xi,xi+11 since e have the left and right
limits at the boundary. Then, we glue those together to get a uniform approximation of f on [a, b]. By this
discussion, it is enough to focus on the interval [x;, x;+1], i.e. without loss of generality, we can assume
that f is continuous on [a, b]. So, for every € > 0 we have to construct a step-function g € S([a, b]) such
that || f — glleo < €. By Heine’s Theorem, we have that there exists a § > 0 such that

lx—=yl<dé = |f-fyi<e.
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Thus, we divide [a, b] into sub-intervals

U

0 6)
a+—,a+2—|U---U
2 2

0 o
a,a+§ a+k§,a+(k+1)§)U~--U[a+N5,b]-

la,b] = 5

Now, we can define a step function g: I — R by

1) o 0
a+k—) Vxe a+k—,a+(k+1)—).
2 2 2

gx)=f

Then, by construction,
lfx)—gX)|=1fx)-FfI,

for a y with |x— y| = <. Thus, | f(x) - g(x)| < £ and, hence,

lf—glew= sup If(x)—gx)|<e.

x€la,b]

This concludes the proof. O

Corollary 9.2 (Cla, b] < Rla, b]).
Continuous functions f :[a,b] — IR are regulated on [a, b].

Remark 9.7. We say that a set A < R" is dense in R" if for every x € R" there exists a sequence
(Xn) neN, € A such that x, — x as n — +oo. An example is Q inIR or Q" inIR".

Here, we have a similar situation. The space S(I) is dense in PC|a, b] since S(I) < PCla, b] and for every
f € PCla, b] there exists a sequence (fu) neN, € S() with f, — f uniformly, i.e. using d(f,g) =l f — glleo
as a distance. This is the content of Theorem 9.3.

Theorem 9.4 (Construction of the Cauchy—Riemann Integral).

Let I =IR be a compact interval. Suppose f € R(I) and let (fu)nen, € S(I) be a sequence of step-
functions such that || f;, — flleo — 0 for n — +oo. Then Z(f,) converges and the limit is independent
of the particular sequence (fu) neN, -

Proof. First let us prove the convergence. Since f,, — f uniformly, we have that for all € > 0 there exists
ng € Ny such that for all n, m = ny follows that | f;, — finlleo < ﬁ Therefore, by Corollary 9.1,

IZ(fn) = Z(fm)| = 1 Z(fn = )| < U fin = fnlloo <&

Hence, (Z(fn))zeN, is @ Cauchy sequence in IR and it converges by the completeness of RR.

Now let us turn to the independence from the particular sequence (fy.) eN,- Let (fu)neN, and (gx) neN,
be two sequences in S(I) that converge uniformly to f. Let € > 0. Then, there exists ny € IN such that
I frn—flloo < ﬁ forand llgn — flloo < ﬁ for n = ny. Hence, we have

€

I fn—8nlloo =l fn—f+f—8nlloo <l fn—flloo+ 182 — flloo < Tk

Thus, we get

IZ(fn = 8n)lloo < I fn— gnlleo < €

for all n = ny. We also used Corollary 9.1. O
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Definition 9.6 (Cauchy—Riemann Integral).
Let I <R be a compact interval. Let f € R(I). Then, the Cauchy—Riemann Integral

f fdx:= lim T(fy)
I
where (fn) new, € SU) is such that f, — f uniformly as n — +oo.

We agree on the following conventions

 If a> b, we define

b a
ff(x)dx::—ff(x)dx.
a b

* We also set

a
ff(x)dx =0.
a

Remark 9.8. The last Proposition implies in particular that the Cauchy—Riemann Integral is a linear map

from PCla, b] to R in the sense of Definition 1.12.
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9.3 The Riemann-Integral

Suppose I = [a,b] <R is a compact interval, or, more generally, I = [ay, b;] x --- x [ayn, by] is a compact
cuboid in R".
Suppose f: I — R is a function and define

Z(f)= inf Z(h)
heS()

h=f
and
Z(f)= sup Z(h).
—  heSW)
h=f
Since hy = hy implies Z(hy) = Z(hy), we have
Z(H)<I(). (9.6)

Definition 9.7 (Riemann integrability).
Let I be as above, f:1— IR. Then, f is said to be Riemann integrable if Z(f) = Z(f), Z(f) = Z(f).
The Riemann integral R — [ f(x)dx is defined as the value of Z(f) = Z(f).

; -J’

Remark 9.9. Not all functions are Riemann integrable. The Dirichlet function X ¢ is not Riemann-integrable

on any compact interval [a, b] € R.

Exercise 9.3. Prove the assertion in Remark 9.9 by showing Z(f) # Z(f).

Theorem 9.5 (Riemann-Integral).
Let I be as above and f: 1 — IR. Then, if f is requlated, it is Riemann integrable and

R—ff(x)dxsz(x)dx.
1 1

Remark 9.10. The R in-front of the integral is just to remind us that it is a different integral. As long as
we know what we are talking about, we may drop the R if convenient. In the above theorem however, we
state that two definitions of an integral agree under certain conditions and therefore should use different

symbols.

Remark 9.11. There are functions which are not regulated but Riemann integrable. Thus, the Riemann
integral is more general than the integral of regulated functions. An example is given by f :[0,1] — R,

defined by
x=1 neN

1
(x) = .
U {() : x;é%,ne]N

Though f is not regulated, the Riemann integral exists

1
ff(x)dx =0.
0
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First we discuss that the Riemann integral os equal to 0. To this end, we define

xe[o,1]

hy(x) = '
! { fx) o xe(31]
An appropriate partition is given by {xy, X1, ..., Xn} with

1
n—-1

1
O=xp<x1=—<XxX2= << xp=1
n

and we have h, = f(x). Further, since h, is constant on [0, %] and only at finitely many points different
from constant equal to 0 on [%, 1], we get

1
.

1
fhn(x)dxz
0

We further have

heS((a,b))

1 1
1
inf fh(x)dxs inffhn(x)dx: inf —=0.
nelN neN n
h=f 0 0

Since 0 < f(x), we also have
1

0< sup h(x)dx.
heS(la,b))
h=f O

By (9.6), we get
1

1

0< sup h(x)dxsh Sinfb /h(x)dxso.

€S(la,
he‘i(s[t},b]) 5 hg;zc )] d

Thus they are all equal to 0 which is the definition of f having 0-Riemann integral.

Now, we see that f is not regulated. To this end we will assume that it is. Thus, let g be a step function

with partition {xg < x1 <--- < X} such that | f — gllo < €. Then, g is constant on (0, x1), say equal to c;.

By the definition of f, there exist x1, x, € (0, x1) such that f(x;) =0 and f(x2) = 1. Next, we have
If(x)—gx)l=lcil and |f(x2)—glx)l=11-cil. (9.7)

and|ci| + 11— c1| = 1 which implies |ci| = 1 or |1 - ci| = 3. By (9.7) that implies € > 3. Thus, f can not be

uniformly approximated by a step function.

Now we prove that, if the regulated integral of f exists it agrees with its Riemann-Integral as stated in
Theorem 9.5.

Proof of Theorem 9.5. Let (hy)pen, € S() such that || f — hylleo < % Then

- 1
hn = hn+E2f
. 1
bn = hn—ﬁsf

and h, — f and h,, — f uniformly. Indeed, fo instance

1

||f—ﬁnlloo=”f—hn—%

1 1 1

< .
o 2n 2n n
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Therefore, we get

I(_f)Sff(X)dx,
1

@sz(x)dx.
1

The last two inequalities follow from

I(f)sfﬁn(x)dx and I(f)zfﬁn(x)dx.
1 I

Hence, we get
ff(x)dst(f)sI(f)sff(x)dx.
I I

Corollary 9.3.
If f :1a, bl — R is piecewise continuous then f is Riemann integrable.

The next is a n-dimensional version of the last corollary which one can get from a straight forward gener-
alisation of Definition 9.7 and Theorem 9.5.

Corollary 9.4.
Suppose Q = [ay, b1] x - -+ x [an, by] €R™ is a n-dimensional compact cuboid and f : Q — R continu-

ous. Then, f is Riemann integrable.

9.3.1 Properties of the Riemann Integral
As for the Cauchy—Riemann—Integral, one can prove

Theorem 9.6 (The space of Riemann integrable functions).

Let I <R be a compact interval and f :[a, bl — R, g: [a,b]l — R be Riemann integrable. Then, for
all A, € R, the function A f + g is Riemann integrable, i.e. the set of Riemann integrable functions
is a real vector space. Furthermore, fg is a Riemann integrable function, i.e. the set of Riemann
integrable functions is an algebra.

and

Proposition 9.4 (Properties of the Riemann Integral).
Let I =[a,b]l <R be a compact interval, c € [a,b] and f,g: I — R be Riemann integrable. Then, the
following properties hold

b b b
(i) ForA,peR, we have/)tf(x)+,ug(x)dx=)Lff(x)dx+u[g(x)dx,
a a a

b c b
(ii) ff(x)dxsz(x)dx+/f(x)dx,
a a c
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b
(iii) ff(x)dxz 0iff(x)=0 forallxel,
a

b b
(iv) ff(x)dxzfg(x)dx if f(x)=g(x) forall xe,

b

b
(v) ff(x)dx Sflf(x)ldX,

a

b
(vi) f FEIdx| < b= all flleo, and
a

b b
Sflg(x)llf(x)ldxs ||g||oof|f(x)|dx.
a a

b
(vii) ff(x)g(x)dx
a

9.4 Improper Integrals on R

Improper integrals are integrals over non-compact sets that are written as limits of integrals over compact

sets. We use the notion of regulated integrals but everything can be done for Riemann integrals as well.

f %dx

(0,1]

Example 9.3. Consider

is an improper integral since imy_+ \/% = +o00. The integral should be understood as

1 1
1 1
—dx = lim f—dx. 9.8
f VX e—0+) /x ©8)
0 €
The problem is that since (0,1] is not compact and \/% is not bounded, ix is not a uniform limit of step

functions and, hence, the definition of the Cauchy-Riemann Integral does not work. However, considering

the right hand side of (9.8), we have the function f(x) = \/i; over the compact interval [e,1]. Since f is

continuous there, it is, by Heine’s theorem, also uniformly continuous. Thus, we can define its Cauchy-
Riemann integral which would of course depend on €. So, (9.8) says that we say that the integral over
(0,1] exists if the limit limg_.o+ L. (f) exists.

Similarly, we would like to interpret

0o R

ff(x)dx as lim ff(x)dx
R—+o0

0 0

if the limit exists and
+00 0 R
ff(x)dxz lim ff(x)dx+ lim ff(x)dx
R—+o00 R—+o00
-0 -R 0

if both limits exist. The improper integral may depend on the way we take the limit and we will need some
care in defining the integrals.
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To make the above a bit more precise, we say that f; f(x)dx is an improper integral of f: I — R if |I| = +o0
or there exists an xo € cl(I) such that lim,_. y, | f(x)| = +co. Examples are

1 1 +c>o1
f—dx, f—dx.
X X

0 1

Definition 9.8 (Convergence of improper integrals).

Let IR be an interval and f : I — R. Further, [} f(x)dx be an improper integral and (I,,) pen, < I
be a sequence of compact intervals with I, 2 I, such that cl(I) = U In. If f| 1, s regulated
for every n = 0, then [; f(x)dx is said to be convergent (or f is integrable over I) if the sequence
(An) neN,» defined by

Ap :=ff(x)dx,
I

converges.

Example 9.4. We consider the integral

+00o

f sin(x) dx
X

4

as the function f is clearly continuous on the intervals [k, (k+ 1)x], k=1 and

U lkm, (k+ 1)) = [7, +00),
keIN

we only have to check whether there is a constant C > 0 such that

(k+Dm )
sin(x
f dx<C Vn=1.
X
kn
We have
(k+Dm i (k+Dm ) (k+l)ﬂ1 .
sin(x sin(x
f dx| < f dx < f —dx<—
X X X k
km km km
and
(k+Dm (k+1)7 )
sin(x sin(x
f S f (-DF ) dx, Vk=1.
X X
km km

Hence, by Leibniz’ criterion, we have that [ f(x)dx converges with

In

Ini= | lkn, (k+ 1))
1sksn

and
(k+1)m

n
ff(x)dx= Y (-DF f
I k=1 k
n T

sin(x)

dx.

We further introduce the notion of absolute integrability.

Definition 9.9 (Absolute Integrability on R).
Let I < R be an interval and let (In) e, < I, be a sequence of compact intervals such that cl(I) =
US—o In, In+1 2 In. Then, a function f: I — IR with the property that f | I, is regulated for any n € Ny
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is said to be absolutely integrable if the sequence (Ay;) ,eN,, defined by
Ani= [ \fax
In

converges.

Remark 9.12. By cl(I), we denote the closure of I which means it adds the set of all limit points of I to I.
See also Definition 2.8.

Example 9.5. A function f:IR — R is called absolutely integrable if

R
lim flf(x)ldx<+oo.
R—+0c0
-R

Example 9.6. Let us consider

With I, := (1, n], we get

n
f@_fﬂ_l_l
2 x2 n
1

Iﬂ

which converges to 1. Thus, we also have that

+o0o

f sinix) dx
X

1

is absolutely convergent since

+00

/

sin(x)
+2

+Ood
X
dx < f — <+oo
X
1

as seen above.

sin(x)

Example 9.7. The function == is not absolutely integrable. Thus,

+00

/

sin(x)

dx = +oo.
X

However, S22 js integrable as we have seen, i.e.

+o0o

f sin(x) dx
X

—00

converges.

9.5 The fundamental theorem of calculus and primitives

Theorem 9.7 (Fundamental Theorem of Calculus).
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Let f € Cla, b] and define

X

Feo = [ fody, (©.9)

a

Then, F is (uniformly) continuous on [a, b] and differentiable on [a, bl and F'(x) = f(x) for all x € [a, b].

Remark 9.13. In (9.9), the choice of the lower limit does not matter. In fact, one can prove the theorem for

X
F(x) =ff(y)dy,
Xo

where xy € [a, b] fixed and arbitrary.
From the fundamental theorem, we get the following reconstruction formula for f from its derivative.

Corollary 9.5.
Let f € C'la, b], then

X
ﬂm=ﬂm+ffWMy
a

Remark 9.14. The function F in Theorem 9.7 is called a primitive of f : [a,b] — R. The Corollary 9.5 is
the reason why the name anti-derivative that some people use is misleading. One can only reconstruct
the function f from its derivative if one knows at least one function value. Otherwise, one can only say
that there exists a constant C € R, such that

X
f(x)+C=ff’(y)dy.
a

See also the discussion at the end of this section.

Remark 9.15. | would like to draw attention to the fact that not all Riemann integrable functions have
primitives. The signum function

-1 x<0
fx)=sgn(x)=4 0 : =0
1 x>0

is integrable on [—1,1] but there exists no function F such that F'(x) = sgn(x). In general, one can say that
a function with jumps, as a general step function for example, can not have a primitive as derivatives can
not have jumps. However, if f is continuous, Theorem 9.7 guarantees the existence of a primitive.

Proof of Theorem 9.7. Since f € Cla, b], the function F(x) is well defined for all x € [a, b] by Theorem 9.5.
First we show that F(x) is continuous. To this end, let € > 0 and we compute

x+h

f fay

|F(x+h)—F(x)|

x+h X
f f(y)dy—ff(y)dy
a a

x+h

f \F5)ldy < Mlhl,
X

IA
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where M := maxye(q,p | f(x)]. Thus, with & = 7, we get that
lh|<d = |F(x+h)—-Fx)|<e¢

for x € (a, b) with obvious adaptations for x = a and x = b. Now, to show differentiability, we calculate

Fax+m-Fo 1" i L
+ J—
¥:_(f f(y)dy—ff(y)dy) == f fydy. (9.10)
h h h
a a X
Next, we have
x+h x+h x+h

[ rorav= [ rway+ [ gor-ranay

and estimate
x+h

[ - renay|=h s ifeo- o
X

yelx,x+h]

Since f is continuous on [a, b], we can, for a given € > 0, choose h sufficiently small such that

sup |f(x)-f(l<e.

Ye[x,x+h]

From (9.10), we get, using
x+h

f fdy = f)h,

that for all € > 0 there exists § > 0 such that

F(x+h)—F(x)

0<|h|<é
<|h|< W

-fo)|<e.

Modification at the boundary are clear. This concludes the proof. O
The next theorem is a more common formulation of Corollary 9.5.

Theorem 9.8.
Let F € C'[a, b) with F'(x) = f(x) for all x € [a, b]. Then

b
ff(x)dx =F(b) - F(a).

Remark 9.16. We also sometimes write
b
b b
ff(x)dx = F(x)| = [F(x)] = F(b) - F(a).
a a
a

Proof. We define an auxiliary function G: [a, b] — R by
X

G(x) =F(x)—F(a)—ff(y)dy.

a
Then,

G'(x) = f(x) - f(x) =0.
by Theorem 9.7. Thus, by Lemma 5.1, G is constant and since G(a) = 0 is identically zero. This concludes
the proof. O
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The set of all primitives (sometimes called anti-derivatives) of a function f € Cla, b], i.e.

P(f):={feC'labl: F =f}

ffdx.

All functions in P (f) differ by an additive constant. We write

is denoted by

ffdx:g(x)+C

for a particular choice g € P(f). For example, we always have

fde=fxf(y)dY+C

and for all g € P(f) there exists a constant C such that

X
gx) =ff(y)dy+C.
a

Remark 9.17. Sometimes, primitives are called anti-derivatives. As primitives are not unique, this is a
quite bad name. As a mathematician you should stick to primitive or indefinite integral the latter being the
best terminology.

9.6 Some Rules for Integration
Differentiation is mechanics, integration is art.

The next theorem is in some sense the inverse version of the product-rule for differentiation. See Theorem
5.3. Given f and g are differentiable, then we get
f-8'=f-g+fg
and, slightly handwavingly, we obtain
[rgras=rg=[r-gax+ [ r-gax
which leads to
[r-gax=r-g-[r-gax
Using Theorem 9.7, we can prove a version for definite integrals.

Theorem 9.9 (Integration by parts).
Suppose f,g € C'la,b]. Then

b b
ff’(x)g(x)dx=f(b)g(b)—f(a)g(a)—ff(x)g’(x)dx.

a a

Proof. The proof follows from the product rule in Theorem 5.3 and integration over [a, b] using the Funda-
mental Theorem of Calculus, Theorem 9.7. O



CHAPTER 9. INTEGRATION 106

The correct use of Theorem 9.9 takes some exercise. With experience, the reader will learn what kinds of
integrals are to be attacked by integration by parts.

Example 9.8. Let us suppose that we want to compute the integral
T
2
f cos“(x)dx.
0

We obtain

T . T
fcosz(x)dx [sin(x) cos(x)]0 +fsin2(x)dx
0 0

/A
f sin®(x)dx. (9.11)
0

At this point it seems that we have not really won much. However, the reader might remember that
cos?(x) +sin(x) = 1. Therefore, we obtain

Y/ T T v/
fsinz(x)dx = f(l—cosz(x))dxzfldx—fcosz(x)dx
0 0 0 0

A
= n—fcosz(x)dx.
0

With that, from (9.11), we finally obtain

/2

fcosz(x)dx: z
2
0
and in fact we also showed that

T
. 2 T
dx==.
0fsm (x)dx 5

Other very typical examples where integration by parts often leads to results are functions of the type

ax+b

sin(x)e™*? cos(x)e®*? and x¥e®*P. For more examples and material to calculate see the module

Mathematical Methods.

Theorem 9.10 (Integration by Substitution).
Let[a,Bl SR, [a,bl € R, f:la, Bl — R be continuous on [a, b, and let g : [a, b] — [«, B] be differen-
tiable on [a, b). Further, suppose that g' is Riemann integrable. Then, we have

g(b) b
f f(x)dx=ff(g(x))g’(x)dx. (9.12)
gla) a

Proof. Since f is continuous on [a, b] and g is differentiable on [a, B, we have that fog:[a,f] — R is
well-defined and continuous on [a, b]. Thus f o g is Riemann integrable. Since g’ is Riemann integrable
and the product of Riemann integrable functions is Riemann integrable (see Theorem 9.6), we have that
the right hand side of (9.12) is well defined as is the left hand side. Let F be a primitive of f. Since
F is differentiable (Theorem 9.7), we obtain that Fo g : [a,b] — R is differentiable and by the chain rule
(Theorem 5.2), we get

d B )
TPt = flgx) g (vdx.
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Thus, we have that
b

b
d
ff(g(x))g’(x)dxzfEF(g(x))dx.

a a
By Corollary 9.5 (or Theorem 9.8), we obtain
g(b)
f F(g(x))dx=F(g(b))-F(g(a) = f fxdx.
gla)

O
As for integration by parts, the knowledge of the best choice of substitutions comes with experience. The

reader is encouraged to take the time to simply calculate some integrals. The reader should not give up at
the slightest problem as integration is really an art. A fantastic book on the matters of this section is [11].

Example 9.9. Simple examples if the integrand is a function of the type e/ @, cos(f(x)), or sin(f (x)) with
f being a linear function. For instance, for A R\ {0}, B € R, we have

b
feA“de = —fAeA”de— fg (x)e8Wdx
a
Ab+B
_ 1 f eydy— Ab+B_eAu+B).
Aa+B

Ax+B

For such a simple case substitution is a bit of n overkill as the integral of e is obvious. See also the

discussion at the end of this section.

An interesting integral that students get often asked and that is surprisingly difficult for them is something

like
f 26 dx, or foexzdx.

Do you see how to solve it? The "trick" is that one realises that these integrals are essentially of the form
[ f'(x)e/™ dx which makes the solution obvious:

ff’(x)ef(x)dxz e/ 4.

Compare also Theorem 9.10 and the subsequent notes. To complete the Lecture Notes let us compute

the first example and leave a more general result as an exercise to the reader:
1 1
fxze_xsdx =—= f(—sz)e_xsdx ———e* +C.
3 3
The same "tricks" work obviously for
ff/(x) sin(f(x))dx, and ff’(x) cos(f(x))dx.

We leave the details also here to the inclined reader. For instance the reader may formulate and prove a
general result that contains the above examples.
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9.7 Uniform convergence and integration

The theorems of this chapter are not examinable in the sense that you do not have to state them. However,
you should understand the examples in the last four questions of Problem Sheet 10 and that is what this

section relates to. See also the practice exam.

In this section we consider the questions under which conditions we can exchange integrals with limits,
i.e. given a sequence (f,) e, Of functions we ask: When is

b b
lim_ f Fal0dx = f lim_f,(0dx (9.13)
a

a
true?

In general, the answer depends on the space where the sequences come from and the type of conver-
gence. A general result is that it usually does not work if one has only pointwise convergence.

1
Figure 9.1: A sequence of continuous f;, with f,, — 0 pointswise but [ f,,(x)dx =1.
0

In fact, one can even construct a sequence of continuous functions (f,) ,eN, Which converge pointwise to

f =0 but the limit of the integrals grows unbounded.
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Figure 9.2: A sequence of continuous f;,, with f,, — 0 pointswise but [ f,(x)dx = +oo.
0

Thus, in the subsequent theorems, we will be concerned with uniform convergence.

Remark 9.18. Since regulated functions are Riemann integrable, we get, under the hypothesis of Theorem
9.11, that

b b
nEerR—ffn(x)dx=R—fngrfwfn(x)dx.
a a

To prove Theorem 9.11, we first need another theorem.
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Theorem 9.12.
Let I be an interval and (fy) neiN, € Rla, bl. Suppose that f, — f uniformly for a function f : [a, b] —
R. Then f € Rla,bl.

Proof. Let € >0. Then there exists fy, € Sla, bl such that || f;, — fuelloo < g Now there exists an ng € Ny
such that || f — fulleo < § for all n=ny. Then

£ £
||f_fn,£”oo = "f‘fn”oo"‘ ”fn‘fn,e”oo < 5 +E =E.

Thus, f is regulated. O

Remark 9.19. Theorem 9.12 can be improved by saying that Rla,b] is a complete metric space with
respect t0 do(f,8) = | f — gllo. All that remains to be shown is that if (fu),eN, € Rla, bl is a Cauchy
sequence then there exists f € Rla,b] such that f, — f uniformly. Indeed, for all € > 0 there exists
ng € Ng such that

Vm,n=zng: sup|fn(x) - fmx)| <e.
xel

Thus, for all x € I, we have that (f,(x)),eN, IS @ Cauchy sequence in R. Since IR is a complete space, it
is convergent. Thus, we can set
f) = lim fn(x).

By the argument in the proof of Theorem 9.12, we have that f € Rla, b].

Proof of Theorem 9.11. By Theorem 9.12, we have that f € R[a, b]. Then, we get

b b b
ffn(X)dx—ff(x)dx=f(fn(x)—f(x))dx

which are all well-defined since f — f,, € Rla, bl. Thus, we can estimate

b
sf|fn(x) _fldx<b-al sup [fud) - fOO
a

x€la,b)

b
f(fn(x) - f)dx
a

Since f,, — f uniformly, we have that for all € > 0 there exists np € IN such that

€
Vn=n => - < —.
0 1= flloo < 75—

Thus, for all € > 0 there exists ny € IN such that

Vn=ny: <E.

b b
ffn(x)dx—ff(x)dx

Thus, (9.15) holds. (See Definition 1.14.) O
Following the similar arguments, we can show

Theorem 9.13.
Let [a, b] be a compact interval and let (fn),eN, S Cla, b]. Suppose that there exists f : [a,b] — R
such that f, — f uniformly. Then

b b
lim_ f faBdx= f lim_f,(0dx. (9.15)
a

a
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The integral can be interpreted as Cauchy-Riemann or Riemann integral.

Exercise 9.4. Theorem 9.13 follows from Theorem 9.11 by Theorem 9.3. However, use the proof of
Theorem 9.11 above as a blue print to prove Theorem 9.13 again in detail by bare hands.



APPENDIX

Relations of function spaces

The relations between the function spaces introduced in this course, are not trivial and will take a while to
sink in. First, let us recall the spaces we have considered

Name \ Type of functions (Real vector space of ...)

Cla, b] all functions f': [a, b] — R which are continuous on [a, b].

C*la, b] all functions f: [a, b] — IR which are k-times differentiable and V) e
Cla,b) fori=0,...,k.

C®|a, b] all functions f: [a, b] — IR which are co-times differentiable and £ e
Cla, b] for i € Ny.

PCla,b] all functions f : [a, b] — IR which are picewise continuous on [a, b].
See Definition 9.5.

Sla, b) all step-functions g:[a, bl — R

Rla, bl all functions f : [a, bl — IR such that there exists a sequence of func-
tions (fu)neN, S Sla, bl with f,, — f uniformly.

Table A.1: Alist of the function spaces introduced in the course.

Of course, we could also consider C(a, b) instead of Cla, b]. However, the first space is not complete with
respect to d (f, &) = | f — gllco While the latter one is.

What we can see immediately is that
C®[a, bl < C*[a, bl < Cla, b],

where the inclusions are strict, i.e. there exits a function f in C¥[a, b] which is not in C*®°[a,b] and a
function g in Cla, b] which does not belong to C*[a, b]. See also Remark 5.7.

What else can we say? Since all spaces above are vector spaces, they all contain the function identically
zero. Also, since S|a, b] contains constant functions, we have that Cla, bl nS|a, b] # @. As vector spaces,
the intersection is isomorphic to R as only the constant step functions are continuous functions.

By definition of R[a, b], we have S[a,b] < Rla,b] and, by Corollary 9.2, Cla,b] < Rla,b]. Again, the
containment is strict. The relation between S|a, bl and Cla, b] is like the relation between Q and R\Q), i.e.
Sla, bl is dense in R[a, b] and for all f € Cla, b] there exists g € S[a, b] such that d(f,8) =l f—glleo <E&.
See also Remark 9.7.

Figure A.1: Schematic depiction of the relation between the function spaces introduced. Please takeinto

account that this is only depicting the relation of being contained. The more complictaed nature of their
density is more difficult to depict.
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