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Chapter

Ordinary Differential Equations

1.1 Whatis an ODE?

An ordinary differential equation is an equation between an unknown function and its
derivatives (of first and higher order), i.e. its solution will be a function and not just a
number as for quadratic equations for example.

Let us start with some physical examples:

To start, we fix some notation

An example for a higher order ordinary differential equation is Newton’s law:

where F'is the force on the particle.
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A mass m is attached to an elastic spring of force constant k, the other end of which
is attached to a fixed point and the spring is supposed to obey Hooke's law with spring

constant k.

Then the force

gives the equation of motion

which is a differential equation for the function x = x(t).

1.1.1 Vocabulary

Let us introduce some terms that we will use frequently. We do so by considering the

specific example
o _ (1.11)
m—s = —KX. 1
dt?
1. The unknown function x is called the dependent variable and ¢ is called the in-

dependent variable.

2. Equation (1.1.1) is called an ordinary differential equation (ODE) because the un-

known function depends only on one independent variable.

3. The highest order of derivativesinvolved in the ODE is called the order of the ODE.

Equation (1.1.1) is of second order.
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4. The ODE (1.1.1) is linear because the dependent variable and its derivatives occur

only linearly (i.e. in first power).

5. The ODE (1.1.1) has constant coefficients since neither m nor k are themselves

functions of ¢. If they were, we would say the equation has variable coefficients'.

6. Agiven functionz = x(t) isasolution of the ODE (1.1.1) if the equation is satisfied

for all ¢ (possibly in a specified domain).

1.1.2 Types of problems for ODEs
Initial value problems (IVPs)

Claim: The function

x(t) = Acos <\/§t> + Bsin (@t) (11.2)

d’x
m_
dt?
for arbitrary constants A, B € R.
Check:

is a solution of

= —kx (11.3)

'0ne then also says that the equation has non-constant coefficients.
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We see that equation (1.1.3) has infinitely many solutions. This is a general phenomenon.
As you recall from integration of functions, we get a free constant when we integrate,

i.e. the integral of a function is not just a function but a set of functions:
/fd:z: =F+C

with ' = f.
To solve differential equations, we have to integrate, as we will see later, essentially
order of the ODE times which will give us the number of free constants involved in the

solution. Since the order of (1.1.1) is two, we have two free constants, in this case called

Aand B.

How could we fix this? Let us think about a very simple version first. Consider f(t) =

sin(t) + 3. Then,

Fo(t) = /f'(t)dt = /cos(t)dt = sin(t) + C.

What do we need to know to get f back from Fo?

Thus, to determine A and B in (1.1.2), we need to specify the initial conditions, i.e. the
initial state of the system. Thus, in general, to not get infinitely many solutions, we

consider the following problem

Find a solution to the ODE = = z(t)

that satisfies x(0) = L (IVP)
d

and %(0) = 0.

These types of problems are called initial value problem (IVP).
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Let us calculate the particular values of A and B:

Thus, the (IVP) has the unique solution

Boundary value problems (BVPs)

Now let us consider a different type of problem. A string of length L is vibrating with

angular frequency w.

The shape of the string, described by y = y(a:) at any given time satisfies the ODE

d*y
02@ = —w?y. (1.1.4)

Find the shape under the condition that the string is clamped at the ends, i.e.
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In short, we have
Find a solution to the ODE y = y(z)

that satisfies (BVP)
and
which is called a boundary value problem (BVP).
The equation (1.1.4) is again a second order equation, it is linear and has constant coef-
ficients. The dependent variable is y and the independent variable is . We also realise
that (1.1.4) is the same as (1.1.3) just with different variable names. Hence, we know the

general solution:

For the constants A and B, we obtain
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Concluding observations

« An IVP has ‘always' a unique solution if the right number of initial conditions are

given.

» A BVP does not always have a solution, it imposes a constraint on the ODE.

1.1.3 Solutions in implicit form

Before we get to this point, let us remind ourselves of some rules of differentiation: Let

Yy = y(x) be a (sufficiently smooth) arbitrary function and find formulas for

%(gﬂy(g;)) and di( ?sin (y(2))) -

T
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Now, the equation

defines a functiony = y(a:) (Even though we can not find an explicit formula for it.)
This is related to the Lambert ¥/ -function. If you are interested, you can have a look at

the corresponding Wikipedia article and the resources cited therein.

Show that this function satisfies the ODE
dy = 2x

= Y, 1.1.5
i1+ ye (1.1.5)

Answer:


https://en.wikipedia.org/wiki/Lambert_W_function
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The general solution of the ODE (1.1.5) should contain an arbitrary constant. Indeed,

defines a function y = y(x) forany C' € R. The equation
yeY — 22 =C

gives the solution of (1.1.5) in implicit form, i.e. in a form F'(y,z) = 0 for some F

instead of y = g(x) for some g.

Exercise 1.1. Show that the function y which satisfies the equation

ye! —2? =C

satisfies
dy = 2x

dr  1+y

-y



CHAPTER 1. ORDINARY DIFFERENTIAL EQUATIONS 10

1.2 Separable ODE

1.2.1 Examples

Example 1.1.

Consider a particle on the number line with position x(t) and suppose that its velocity

dx )
— fs given
dt g y
dx B 3

dt — (1+1)?2
Find the particles position © = x(t) at a time t > 0 if we suppose that x(0) = 0.

Now, we fix the constant:

Remark 1.1. Ordinary integration is a special case of solving an ODE, where the right
hand side does not depend on the function that we seek. The integration constant pro-

duces the free constant we need in the general solution.
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Example 1.2.
A body moving slowly through a liquid experiences a friction force that is proportional

to its velocity.

a) A body of mass m is moving through the liquid horizontally. /ts initial velocity is

v(0) = wvy. Find its velocity as a function of time.

We may be able to guess a solution to this equation:

We could also rewrite the above differential equation as
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A different way of rewriting the same calculation starts with

w_ o
dt  m

transformed to

dv Q _ _
— = ——dt (separation of variables)
v m

which leads with integration to

1 o
—dv = ——dt.
v m

After the evaluation of the integrals, we obtain
Q
In(jv]) = ——t+ C.
m

Finally, we fix the constant:

b) The same body is falling vertically through the liquid. Find its velocity as a function

of time if the initial velocity v(0) is vy. We have to solve

d*z dx
mW = —a% + mg

or

- - v — ——
dt m Q

dv a( mg).
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13
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Now we determine the constant:

Vy = U(O) = —+ C
o
which leads to
m
C = vy — —g
o
Thus, we get
m m o
v(t) = i (vo — _g) e m!
o o
Discussion:

« Forlong time (t — +00), we have that

at this velocity, cv = mJg, i.e. friction and the gravitation forces cancel.

m m
» The asymptotic velocity _g is approached exponentially with time scale —.
o o
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Example 1.3.
Find the general solution of the ODE

dy 1+
dr  2—y

15
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1.2.2 Summary

A differential equation of the form
(1.2.1)

is called separable. If we set

y(t) = F! ( /t: g(T)dT> | 122)

Exercise 1.2. Use the rules of differentiation’ to prove that (1.2.2) is a solution of (1.2.1).

Recall, how one calculates integrals of the type

s e
— t,T)dT.
dt a(t)
Algorithm in Leibniz’s notion
Step 1. Rewrite the ODE
W _ fy)et)
d Yy)g
in separated form, i.e. g
Y
—~ = g(t)dt
f(y)

Step 2. Integrate both sides with respect to the respective variable. Do not forget the

integration constant. We only need one!

Step 3. Rearrange for ¢/ in terms of ¢. (That is formula (1.2.2).)

2Here that means chain rule and the rule for computing the derivative of the inverse functionin terms
of the derivative of the original function.
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1.3 ODEs that can be transformed in separable form

To introduce this method, let us first look at two examples.

Example 1.4.

Find the general solution of the ODE
dy 3y —2x
de 2z

This equation is not separable but can be rewritten as as

dy =(33-2) 3y _

= = 1.
dx 2x 21

The right hand side depends only on Q We make this the new independent variable:

X

17
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Example 1.5.
Find the general solution of
9 2
dy oy e
dx xy + 2 1+2
substitute y = xv(x),
dy dv
— =v+ T
dx
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1.3.1 Summary

An ODE of the form
Y _r (%)
dx T
is called of homogeneous degree.3 An ODE of homogeneous degree can be solved by

transforming it in separable form by the substitution v = Q
x

3Be aware that we will introduce the term homogeneous later to mean something different. Please
keep the two notion apart in your mind.
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The general solution os obtained as follows: consider

dy y
doe / (5)
andse v(x) = Y. Thus, we obtain
x
dy y dv
dr  w i Yo

With the original equation, we then obtain

dv
fv) —v= e
Thus, we obtain the separated equation
dx dv
x fl) v

From here, one can use the method discussed to solve separable ODE

20
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1.4 First order linear ODEs

In this section, we want to derive a general solution for the following initial value prob-

lem:
dy

() T+ be)y = f(2),

1.4.1 The method of integrating factors

Example 1.6.

The following example is again divided in a couple of steps:

a) First, we consider a (sufficiently smooth) arbitrary function y = y(m) Find a for-

mula for % (xy(x)):

b) Find the general solution of
dy o
rT—+y=e¢€".
dx

By the above, the equation can be rewritten as
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c) Find the general solution of
Ldy ) 3
—— +
rdr x

This equation can not be rewritten as easily as the equation in b). However, if we

multiply the equation by xz, we can:

Some theory (integrating factor)

» An equation of the form

a(x)@ +b(x)y = f(x) (1.4.1)

is called linear, i.e. the terms involving ¥ and d_y are all in first power.
X

d
. Ifb(x) = d—a(x),then (1.4.1) is
h

which can be rewritten as
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This equation can be integrated and gives
@y = [ fla)er

« If bis not the derivative of a, then equation (1.4.1) can be multiplied by a function

() such that it can be integrated. First, we divide by a () and obtain

where
)

If we multiply an ansatz function ¢ = p() and obtain

When we ask

Z_Z —up(@) =  px) = exp (/p(l“)dl') :

With that, we can rewrite

% +p(z)y = q(x)
to q
o (1(x)y) = p(r)q(z)
Hence
u()y = [ na()e
and finally .
ww—ﬂg/ﬁumww

« With that we have an explicit solution of (1.4.1). In calculating the integral for p,
we do not need the integration constant. We only need one function u that trans-
forms (1.4.1) to integrable form.

The function p is called an integrating factor.
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Exercise 1.3. Find the general solution of

24
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Example 1.7.
Assume the capacitor is initially charged to charge QO. At timet = O, the switch is
closed so that the capacitor is connected to a voltage source U via a resistor R. Find

the charge () (t) on the capacitor as a function of time.

Physics:

The voltage across the resistor and the capacitor must add to U.

The voltage across the resistoris R 1, where I is the current through the resistor.

The voltage across the capacitor is —.

C

The currents through the resistor and the capacitor must be the same.

L]

A
Ifin time At a charge AQ is added to the capacitor, the currentis I = —Acf. If

L]

At — 0, we obtain I = %

We translate that into equations:

This can be rewritten to
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To solve the equation, we calculate the integrating factor

Thus, we obtain

Fix constant k by initial value:

In particular, if we start with an uncharged capacitor () = 0, then

26
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Further,

decays exponentially to zero.

Exercise 1.4. Confirm the above derivative E

27
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Summary of the method of integrating factor

As we have seen above, an integrating factor is a functions with which we can multiply
a differential equation on order to transform it to an integrable equation.

Given an equations of the form

Y b pla)y = ala),
we get p p
() (d—y " p(x)y) = L (@) = ntw)ae)
if we set

() = exp </p(9«“)df€> :

With that, the general solution is

1
Vi) = / u(w)g(x)dz.

The integration constant of the integral on the right hand side is the free constant of

the general solution that can be fixed by an initial condition.

Example 1.8. 7o solve
we calculate

Then, we get

Hence, we get
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1.4.2 The method of variation of parameters

In this section, we consider the general linear first order ODE

Z_:yc = a(z)y + b(z) (1.4.2)

with initial datum y(xg) = yo, where x and yq are real numbers.

Some more vocabulary:
« We can see that the equation is linear. See page 3.

« The equation above is said to be inhomogeneous if b is not identically O and ho-
mogeneous if b(z) = 0 forall z.

Note that the term does not involve the dependent variable.

We can solve the homogeneous equation equation

— =a(x)y (1.4.3)

by separation of variables:

1 T
/;Z—idx = /a(a;)dx :/x a(u)du + C (1.4.4)

0

and, thus, we get

yn(z) = K exp (/: a(U)O'U) : (14.5)

0
The particular limits of the integral over a are chosen to pick the integration constant

C' = 0 as we have the needed integration constant K in front of (1.4.5). We allow K
to be an arbitrary number to resolve the modulus |y| in the result of the integral of the
left hand side in (1.4.4). We use the index h to indicate that the ¥y, is a solution of the
homogeneous equation associated to (1.4.2)

This is, however, only part of the solution as we want to solve (1.4.2) and not just (1.4.3).
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The next step is called variation of parameters. We set X' = K (x) and make the

ansatz

() = K () exp ( / xam)du) |

0

o dy,y
Now, we calculate the derivative —:

X

dy,  dK o
= g OXP (/I a(u)du)

0

K (2)a(z) exp < / 0 a(u)du)
_ %exp ( / xa(u)du) + a@)y().

0

T

From that equation, we obtain that

%exp ( / :a(u)du> — b()

K(x):/ b(z)e_fjoa(u)d“dz.

0

which gives

We can drop4 the integration constant as we only need a particular X = K(x) This

is equivalent to choosing the particular definite integral

With that, the final solution is the superposition

y(x) = yn(x) + yp(x)

— <K —|—/ b(z)e Iz a(u)dudz> exp (/ a(u)du> :
fty) o

As before, one can determine the constant / if an initial datum is given.

4i.e. choose it to be zero



CHAPTER 1. ORDINARY DIFFERENTIAL EQUATIONS 31

With that, we have proven the following theorem:

Exercise 1.5. Solve the inhomogeneous IVP

{ % = sin(z)y+
y(0) =1

with the method of variation of constants.
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Exercise 1.6. Solve the non-homogeneous IVP

{ Z—Z:xy+e3m($—

y(0) =1

with the method of variation of constants.

3)

32
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1.5 Second order linear ODEs

A linear second order ODE has the form

a(a:)% + b(x);i—i +c(x)y = f(x) (1.5.1)

with known functions a, b, and ¢ which are called the coefficients and a known function

f which is called the right hand side, forcing function.

Vocabulary:
1. The equation is of second order®. See also Page 2.
2. The equation is linear. See also Page 3.

3. If the functions a, b, and c are constant, we say that the differential equation has
constant coefficients. If the a, b, or ¢ are variable functions, we say the equation

has variable coefficients.

4.1f f(x) = 0 for all x, then the equation is called homogeneous. If f is not
identically 0, we call the equation non-homogeneous. Pay attention that this is
different from homogeneous in Section 1.3.
Sometimes, the homogeneous equation associated to a non-homogeneous equa-

tion is called reduced equation:

d*y dy
—_— — = 1.5.2

5. Superposition of solutions. Thisis a general property of linear equations. If 41 and
Yo are solutions to (1.5.2), then i1y + o1y is also a solution for any constants

a1 and (oa.

Sif a is not identically 0.
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1.5.1 The superposition principle

We have the following result which is making more precise the situation on pages 3 and

5. As you can easily check, the functions

COS —t and sin —t
m m

L
dt?

are solutions to

= —kux. (15.3)

As we have shown in Section 1.1.2, the function

e (/52 v (4

is a solution to (1.5.3) for arbitrary constants vy and «va.

Theorem 1.2 (Superposition of solutions of linear 2nd order equations).
Let y1 and yo be solutions of (1.5.2). Then, for all constants cv1 and avp, the function

Q11 + qoYys is a solution of (1.5.2).

Let us check:
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1.6 Solution of second order linear equations

If yy, is a solution of the homogeneous equation

d*y dy
and Ypa solution of
d*y dy
a(z)-—5 +b(x) -~ + c(z)y = f(2),

then

is a solution of (1.5.1).

Exercise 1.7.

Check the last claim by a similar calculation as in Section 1.5.1.

35

(1.6.1)
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To solve the non-homogeneous equation (1.5.1):

1) Find two® solutions Y1 and Yo of the homogeneous equation (1.6.1). Then

yn(r) = ary1(x) + agya(z)

is the general solution of the homogeneous equation (1.6.1). This solution v, is

called complementary function.’

2) Find one particular solution g, of the full equation (1.5.1). Then

y(x) = un(z) + yp(z)
= ayi(x) + asya(z) + yp(z)

is the general solution of (1.5.1).

The function y,, is called a particular integral or a particular solution of (1.5.1).

1.6.1 Constant coefficients
We consider the differential equation

Py dy
bl AT Sat4
ad:z:2 + dx

To find the two solutions of the homogeneous equation

d*y  dy
—J 4 pZ —
a 72 + I +cy =0

+cy = f(x). (1.6.2)

associated to (1.6.2), we write down the auxiliary equation8

aNl+ b\ +c=0

dk:
by replacing —i with \¥.
dx

¢The two is coming from second order. For equations of higher order, you have to find order many
solutions.

’Complementary function: the part of the general solution of a linear differential equation which
is the general solution of the associated homogeneous equation obtained by substituting zero for the
terms not containing the dependent variable.

8\We also call this equation the characteristic polynomial of the differential equation.



CHAPTER 1. ORDINARY DIFFERENTIAL EQUATIONS 37

The auxiliary equation is coming from the ansatz y(x) = e)‘x substituted into the

equation:

The classification of quadratics
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Example 1.9.

Find the general solution of

’y dy
— —2—= — 15y =0.
dx? dx 4

Example 1.10.

Find the general solution of

d*y dy
2— +4-—= + 6y = 0.
dx? + dx oy

38
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39
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Example 1.11.

Find the general solution of

Py  dy
A - AR Py
dx? dac+ Y

40
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41
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Summary

To solve the homogeneous second-order linear ODE with constant coefficients

d*y

a—s; +

dx?

we first solve the auxiliary equation

dy
b—= —0

aX? + b\ +c = 0. (1.6.3)
We have
b b2 ¢ —b+ V/b? — 4ac
A =—+14/— — —=— .
2a a’? a 2a

\ Solutions of (1.6.3)

\ General solution of ODE

a) | two distinct real solutions
A_and Ay

b) | two complex conjugated
solutions Ay = a + i3

c) | onedouble solution A = A4

y(z) = aje™" + age”

y(x) = e“(ay cos(fx) + agsin(fz))

y(z) = (1 + ag)e™
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1.6.2 Examples

Example 1.12.

A mass m is attached to an elastic spring of force constant k, the other end of which
is attached to a fixed point. The spring is supposed to obey Hooke'’s law, namely that,
when it is extended (or compressed) by a distance x from its natural length, the tension

(or thrust) in the spring is kx, and the equation of motion is

d’x
or
d’z 5 5 Kk
ﬁ—l—wOZC:O, LUO:E

a linear, second order, homogeneous ODE with constant coefficients.

The auxiliary equation is

The solutions are

Hence, the general solution is

This can be written as
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Relating the two forms

The form shows that the solution is a harmonic oscillation with amplitude a,

frequency wy.

Example 1.13. Now, we consider the same situation as in Example 1.12 but introduce
friction as a more physical assumption.
We assume that the friction force is proportional to the velocity of the particle. Thus,

we get the equation

This is a second order linear ODE with constant coefficients.
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1.6.3 Finding particular solutions

There is a general method to find particular solutions which we have already discussed
in the case of first order linear equations: variation of parameters. See also Kreyszig
2.10. You can also find the method described for second order equations in Paul's Online
Math Notes.

In many physically relevant cases, we can guess a particular solution. The general idea
is as follows: The particular solution should have the ‘same form' as the inhomogen-

eous (‘driving’) term.

We illustrate that with an example:

Example 1.14.

Find the general solution of

Py _dy
S5 p ey =2
dx? + dx +oy o

Step 1: We find the complementary function, i.e. the solution vy, to the homogeneous

problem.

Step 2: Finding a particular integral. The driving term is a

Thus, we make the ansatz

Now we determine the parameters:


http://tutorial.math.lamar.edu/Classes/DE/VariationofParameters.aspx
http://tutorial.math.lamar.edu/Classes/DE/VariationofParameters.aspx
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Thus, the general solution is

Example 1.15.

Find the solution of

with the initial conditions

Step 1: We find the complementary function, i.e. the solution vy, to the homogeneous

problem.
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Step 2: Finding a particular integral. The driving term is a

50

Thus, we make the ansatz

Now we determine the parameters:

Thus, the general solution is

Step 3: Finally, we determine the constants:
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Example 1.16.
Find the general solution of
Py dy
_J + _J 2 — 6 —2x
dx?  dx 4
with the initial conditions
9
y(0) =5, ¥(0)=1

Step 1: The complementary function is

Step 2: Finding a particular integral. The driving term is a

The usual ansatz would be
yp(z) = Re 2%,

However, that is part of the complementary function. If we substitute this an-

satz into the ODE, we will get zero:

We modify the usual ansatz:
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Step 3: Fially, we determine the constants:
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Example 1.17.
In Example 1.12 on Page 43, we have discussed the dynamics of a damped oscillator.

Now, we want to study the same oscillator when an external force
F..t = Fycos(Qt)

is acting on it.?

The equation of maotion is

A bit shorter

with

Let us find the general solution to this equation:

1. The complementary function id the general solution of

d’z dz
pe) + ko +wir = fycos(Qt).

We know the solution from Example 1.12. We must distinguish the cases of weak,

critical, or strong damping.

2. We find a particular integral. We make the ansatz

?A discussion of this example can be found here in the lecture notes on Oscillations and waves from
Richard Fitzpatrick at the University of Texas at Austin.


http://farside.ph.utexas.edu/teaching/315/Waves/node13.html
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Now we discuss the amplitude a(€2) of the steady state oscillator as a function

of the driving frequency §2:

Jo
For large )
CL(Q) _ fO —~ fO fO

VW — 22+ 022 o 022 ~ 02

Are there maxima/minima?
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Multiple Integrals

Multiple integrals are integrals of functions depending on more than one variable. They

are useful to calculate
e masses,
» volumes,
e centres of mass,
+ moments of inertia,

and many other quantities. We will start by looking at ‘double integrals’, or integrals

over areas and then look at ‘triple integrals'.

2.1 Ordinary Integration

/ab f(x)dx

measures the (signed) area under the graph of y = f ().

As you have learned,

57
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f(x) 4

> X

Ax

Divide the length [a, b] into intervals of width Az.

/f Jdz = lim >~ width of interval X height

mtervals

Alfﬁoif z)A

2.2 Integrals over areas

Suppose that we want to calculate the volume under a graph of f(:c, y) over some
region A in the xy-plane.
To do this, first divide A up into rectangles with dimensions Ax, Ay.

X\ s T~ mERN
( )
\\\\ //

\\__ ﬁ

>X

Volume under . .
= lim Z area of rectangle X height.
graph Az,Ay—0

rectangles
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There are two ways to order the sum:

(i) First add up the volumes of all the cuboids in each row, then sum over rows.

1

/

\

{

_

\

A

(i) Firstaddupthevolumesofallthe cuboidsineachcolumn,thensumovercolumns.

/

7

\

V

\

By

-

—

o

‘

\

~

2.2.1 Integrals over rectangles

Assume that A is a rectangle definedbya < z < bandc < y < d.

(i) sum over rows first:
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n

Volume under i
-, 3 (st mara)

graph
- m > (/f”f r) o
:/c (/a f(:c,y)dx> dy

(ii) sum over columns first:

m

Volume under n
= lim 2o U AT A

Alirﬁoi(/df(x“ y)d )Aa;

[ (] e
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Example 1
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Example 2
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Exercise 2.1. Verify the following integrals:

2 2 9
2 _
/ / rydydr = —,
-1J-1 2
2 3 3
/ / xsin(my) dy dr = —,
~1J-2 (0

! 8
/ zysin(my) dy dr = —,
0

3

/i

4
A

1
2(e — 2
/ sin(my)z’e’ dy dr = M, and
0

2 p27
/ / e’ sin(z) cos(y) dy dv = —e™ (1 4 €7).
s s
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2.2.2 Order of integration (rectangular regions)

In practice, we do not need to write the brackets in the expression

/cd </ab f(x,y)dx) dy.
/ d / e yazay,

we understand that this means

If we write

« first integrate with respect to x from a to b,

« thenintegrate with respect to y from c to d.

/a b / )y

we understand that this means

If we write

- first integrate with respect to ¢ from cto d,
- then integrate with respect to x from a to b.

i.e. you work from the inside to the outside.

For rectangular regions both integrals give the same answer.

2.2.3 Order of integration (curved regions)

In general, the integral of f(a:, y) over a non-rectangular region A could be written as

f(z,y)dzdy = Y f(z,y)dz dy
//A /c /a(y)
f(x,y)dy dv = L f(z,y)dy dzx.

The limits a(y), b(y), ¢, d will differ from the limits p, ¢, 7(x), s(x).

or
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In general, we have

d rb(y) b(y) pd
/ / f(-%',y)dfcdy#/ / f(z,y)dy dx
¢ Ja(y) a(y) Je

q prs(x) s(x) pq
/ / f (@, y)dy do = / / f () dda dy
p Jr(z) r(z) Jp

If the function f(x, y) is continuous over A, one can, just as in the case of rectangular

and

regions, interchange the order of integration. However, as already noted, one has to

adjust the limits in the integrals.

Exercise 2.2. Use double integrals to compute the area of a circle of radius r > 0, i.e.
/ / 1 dzdy.
P

Write down how the integral would look like if you exchange the order of integration.

compute

Why are the limits what they are?
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Example 1: curved boundary

66



CHAPTER 2. MULTIPLE INTEGRALS

67



CHAPTER 2. MULTIPLE INTEGRALS

Example 2: curved boundary
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Example: Splitting of regions

Sometimes it is necessary to split the region of integration into smaller pieces.

70



CHAPTER 2. MULTIPLE INTEGRALS

A



CHAPTER 2. MULTIPLE INTEGRALS

72



CHAPTER 2. MULTIPLE INTEGRALS 73

2.3 Triple integrals

In the last section, we have learned how
« double integrals are defined,
» double integrals over rectangular regions are calculated, and
» double integrals over curved regions are calculated.

Now, we will do the same for triple integrals.

2.3.1 Some motivation

Suppose that we know the mass density p(m, Y, z) of an object. How do we find its

mass?
Solution: We divide the object into small boxes of dimensions Az, Ay, Az, find the
mass of each box, which is approximately

and then add all the masses.

Y

Figure 2.1: A small cuboid mass in a bigger object.

Taking the limit results in a triple integral

Mass = Alggo Z p(zi, vy, 21) AxAyAz.
Ay—0 all boxes

Az—0
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2.3.2 Evaluating triple integrals

Triple integrals are of the form

b HQ(Z‘) GQ(xay)
/ / / f(z,y, z)dz dy dz.
a JHi(zx) JGi(zy)

We can justify performing the integrals sequentially by considering the figures below:

A

Figure 2.2: Integrating over a column (a), a slab (b) and finally the whole volume (c).

EE=
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2.3.3 Examples
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2.4 Some applications of multiple integrals

In the previous sections, we learned about double and triple integrals.

In the next section, we will see how to use these to calculate:
« the masses, areas, and volumes
 the centres of mass
¢ moments of inertia

» forces due to pressure

Figure 2.3: "Hang on lads, I've got a great idea...” by the artist Richard Wilson. At the De La Warr
Pavilion in Bexhill.
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2.4.1 Some notation

[ rea= [ rap)as

as a shorthand for the double integral of a function f(::/;, y) where A denotes the re-

It is common to write

gion of integration. Similarly,

I oosr = ][ o

means the integral of a function g(m Y, 2 overavolumeV

2.4.2 Mass, area, and volume

Suppose that a 2D object is described by a region A in the plane with mass per unit area
A(z,y). Then

- the area of the object is // 1dA;
A

« the mass of the object is // ANdA.
A

Similarly, for a 3D object described by avolume V' with mass per unit volume p(z, y, z),

« the volume of the object is // 1dV;
1%

« the mass of the object is // pdV.
V

2.4.3 Centre of mass

The centre of mass of a 2D object is a point (g, ¥o). Itis calculated using the formulae:

1 1
Ty = // zA(z,y)dA, Yo = // yA(x,y)dA
mass A mass A
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The centre of mass (a:o, Yo, Zo) of a 3D object is given by

1

ro = /// xp(xuya Z)dva
mass v
1

Yo = /// yp(x,y, z)dV,
mass v
1

20 = /// Zp(l’,y,Z)dV
mass v

2.4.4 Moment of inertia

The moment of inertia of an object measures how difficult it is to rotate.

Just as objects with large masses are difficult to move, objects with large moments of

inertia are difficult to rotate.

The angular momentum L of a body with moment of inertia / rotating at angular velo-
city w is given by
L =1w.

Angular momentum is conserved if no external forces act on the body.

Calculating moments of inertia

The moment of inertia of a 3D object rotating about the x-axis is given by

I, = ///V(y2 + 22)p(x,y, 2)dV.

Similarly, the moments of inertia about the y- and z-axes are

I, = ///V(;t:2 + 2% p(x, y, 2)dV

I, :/// ($2+y2)p($,y72)dV
Vv
For 2D objects:

I, = / / yPAdA, I, = / / 2?MA, I, = / / (2% 4 y?)AdA.
A A A
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2.4.5 Example
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2.4.6 Forces due to pressure

The force due to a pressure P(x y onanarea Ais

|| Pl

Figure 2.4: Flaming Gorge Dam, Utah

85
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2.5 Integrals in polar coordinates

We have

Using basic trigonometry, we obtain
« Given (1, 0), then (x, y) are given by

x = rcos(f)

y = rsin(6)

« Given (z,y), then (7, 0) are given by

r=+\2x?+ y>
tan(f) = Y

87
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We use the following formula to calculate integrals in polar coordinates:

//AfdA://Af(r,@)rdrdQ.

88
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2.5.1 Examples

89



CHAPTER 2. MULTIPLE INTEGRALS

90



CHAPTER 2. MULTIPLE INTEGRALS

91



CHAPTER 2. MULTIPLE INTEGRALS 92

2.6 3D cylindrical polar coordinates

We have
Az-axis
Z ~
~.p
:
|
|
|
|
|
|
|
:
:
O >
0 \\\\ r : /// y—aXiS
\\\\ | //
B \_\_\1/
X-axis
Again, using elementary trigonometry, one gets
r = rcos(0)
y = rsin(0)

Z = Z

We use the following formula to calculate integrals in cylindrical coordinates:

//Vfdv:///Vf(ﬁe,z)rdrdﬁdz.
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2.6.1 Examples
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2.7 3D spherical coordinates

We have
Az-axis
Z ~
P
|
|
|
|
|
|
19 |
|
|
|
|
(2] |
| y
|
OK- [ P >
P o~ I L y-axis
RN |
\\\ | //
N [
XL __ N

X-axis
Again, using elementary trigonometry, one gets

r = rsin(f) cos(y)
y = rsin(f)sin(yp)

z = rcos(0)

We use the following formula to calculate integrals in cylindrical coordinates:

// Vde = ///V f(r,0, )r*sin fdrdfde.

96
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2.71 Examples
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Chapter

Probability Theory

Consider an experiment with random outcome and we are going to assume that the
experiment is repeated many times.

The number of times a given outcome is obtained is called its absolute frequency. The
absolute frequency divided by the total number of repetitions is called the relative fre-

quency. The relative frequency is a number between 0 and 1.
Example 3.1. Die with data table.

If an experiment is repeated many times, the relative frequencies will stabilise at cer-

" These are called the probabilities of the outcomes. Since the relative

tain values.
frequencies are numbers between 0 and 1, the probabilities are between 0 and 1. An
outcome with probability O is impossible. An outcome with probability 1 is certain. The
probabilities of all outcomes have the sum 1.

Acollection of some or all outcomes of an experiment is called an event. The collection
of all possible outcomes is usually defined by €2. An event A is a sub-set of 2.

The probability P(A) is calculated as

#(A) _ number of outcomesin A

#(Q)  total number of outcomes’

P(A) =

where the function #(.5) counts the number of elements in the set S. This definition
only works if €2 is finite.

The set of all possible events is the power set 28 of (), i.e. the set of all sub-sets of €.

1Strictly speaking that is not true and probability should be treated axiomatically following the ap-
proach of Kolmogorov. However, this approach is mathematically more difficult.

100
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3.0.1 Elementary probability theory

Example 3.2 (Throwing a die).
For a die, the set () is given by {1,2,3,4,5,6}.

1
« The probability to throw a 4 is G

3
» The probability to throw an even number is 6
2
3

4
 The probability to throw at least 3 is 6 =

Example 3.3 (Throwing two dice).

We consider pair of perfectly fair dice.

1. What is the probability that the total score is 5? The total score can be between

2 and 12, but these results are not equally likely. If we denote an outcome by
(first die score, second die score) ,

then the 36 outcomes
(1,1) (1,2) ... (1,6)
(2,1) (2,6)

(6;1) (6;6)

are equally likely. There are four outcomes with total score b:

Hence,

2. What is the probability that the total score is 6?
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3. What is the probability that the total score is not 5? We can count the outcomes

with scores other than 5. However, it is simpler to calculate

4. What is the probability that a double is thrown, i.e. the numbers on both dice are

equal?

5. What is the probability that a double is thrown or the total score is 5?

a) Combine the favourable outcomes of 1. and 4.:

b) We alternatively compute:
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6. What s the probability that a double is thrown or the total score is 6? We combine

the favourable outcomes from 2. and 4.:

Let us collect some of the rules we have used so far and introduce some notation:

The empty event is denoted by 0. given two events A and B, we denote the event ‘A
and B'by PN Aandtheevent'Aor B'by AU B.

1. We have the trivial probabilities P(f)) = 0and P(£2) = 1.
2. For every event A, we have
P(A) + P(A°) =1,
where A€ is the complement event of A, i.e. 'not A".
3. If events A, B are mutually exclusive, in symbols A N B = (). Then

P(AUB) = P(A) + P(B).
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4. For any events A and B, we have

P(AUB)=P(A)+ P(B)+ P(AN D).

Remark 3.1.
Case 3. is a special case of 4. If Aand B are mutually exclusive, then P(ANB) = 0.

The case 2. is a special case of 2.:

P(A) + P(A%) = P(AU A%) = 1
=0

since AN A° = ().

Example 3.4 (Throwing two dice continued).

7. What s the probability that the first die shows at least 5 and the second die shows

an even number. Listing all the possibilities:

Or

Note: This argument only works because the two events are independent, j.e. the

result on die 1 does not influence the result on die 2.
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8. What is the probability to have at least 5 on the first die and a total score of at

least 87

Possibilities:

Note:

Example 3.5. You throw a die and a coin. What is the probability that you throw a 6 and

‘heads’?

Alternative argument:
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Calculating the probability of ‘A and B', P(AN B), for two independent events A and

B is calculated by
P(ANP)=P(A)P(B).
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3.1 Excursus: Combinatorics - How to count

Example 3.6. To introduce the different counting numbers as factorial and the binomial

coefficient, we will use illustrative examples.

1. I want to fly 10 different flags on 10 poles. How many possibilities do | have to

arrange them?

Rule: Therearen! = n-(n — 1) ... -2 -1 (speak n factorial)

permutations (i.e. different orderings) of n objects.

2. The flags are not all different. | have seven blue and three yellow ones. In how
many ways can | arrange them?
As we have seen before, there are 10! arrangements of the flags in total. Since
it does not matter if we rearrange the blue or yellow ones within themselves, we
need to remove the number of arrangement for each.
There are 7! ways to rearrange the blue ones and 2! ways to arrange the yellow

ones. Thus, there are

possibilities.
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Different interpretations:

There are 102 possibilities to pick 7 out of 10 poles on which to fly the blue flags.

n n!
(k) T kl(n— k)

ways to choose k objects out of a collection of n. This number is

Rule: There are

called binomial coefficient.

3. In how many ways can | arrange 5 blue, 3 yellow, and 2 red flags?
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3.2 Mean and variance

| throw a die 100 times and obtain

1 2 3 4 5 6
abs. freq. 21 14 22 12 16 15
rel. freq. 0.21 0.14 0.22 0.12 0.16 0.15

The mean of the result is
— 21-1+14-2+ ... +15-
e + +...4+15-6
10
= 021-14+0.14-2+...4+0.15-6

= 3.33.

Note how the mean is expressed by the relative frequencies. In an ‘ideal’ sample, the

relative frequencies would be the probabilities. In that sample, we would find

1 1
A+ 24...4+=-6
to24 g

7-6
- —— = 3.5.
2

This idealised mean is called expectation value. It is a theoretical quantity that de-

M:

A~ ~

scribes a probability distribution.

Rule: If a random variable X takes different values x1, . . . , x, with prob-

abilities p1, . . ., py, respectively, then its expectation value is
n
= DP1T1 + PaXo + ...+ Pply = szxl
i=1
A measure of the spread of a distribution, we can use the variance
n
o’ = Y pilwi— p)?
i=1

= pi(zy — u)2 + ..o+ pulz, — ,u)2

or the standard deviation o = V/ 02, ie.

n
7= | Sntai—
=1
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In the example, the variance of the number on a die is

1 35
o = 5 (1-35)+(2-35)°+...+(6—3.5)%) = 5 292

The standard deviation is

o~ Vv229 =171
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3.3 The binomial distribution

Example 3.7. We consider a lottery in which we have a chance of winning of % in every

game. We assume that consecutive games are independent.

1. I play five games. What is the probability that | win exactly twice?

2. What is the probability that | win at most twice in the same game as in the first

guestion.
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3. The probability to win at least three times is

3.3.1 General formulas

12

Consider an experimen’[2 that succeeds with probability p and repeat the experiment n

times independently. Let X be the random variable counting the successes. Then, the

probability P(X = k), ie. of k successes, is given by

Using the rules from Section 3.0.1, we get

k
P(X <k) Z n)p —p

1=0
and
P(z > k) = ”)ﬁ(l
1=k k
= 1-P(X<k-

The expectation value of X is np and the variance is np(l

2Sych experiments are called Bernoulli experiment.

)n

p)
1

)
—p).
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3.3.2 A second example

Example 3.8. The probability that a car travelling along a certain road will have a tyre

burstis 5—10. Find the probability that amongst 15 cars that

1. exactly one has a burst.

2. two or more have a burst.
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3.3.3 The Poisson distribution

Consider an experiment for which the probability p of a success is very small, but the
number of n of repetitions is very large, such that the expected number of successes

A = npis fixed.

Then to a good approximation, we have
k
= 6_)\>\—
k!’

where X counts again the number of successes. This is called the Poisson distribution.

P(X =k)

The random variable can take values k € Nog = {1,2,...}.
The expected value of X is \ and the variance is \.

We can quickly check the normalisation:

+00 +00 _)\)\k _)\ +00 )\k
k=0 k=0 k=0
A

3.3.4 Two examples

Example 3.9. On average, 120 cars pass a checkpoint per hour. Let N be the number

of cars that pass in a 5-minutes interval.

1. What is the probability that exactly 4 cars pass?

2. What is the probability that exactly 10 cars pass?
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3. What is the probability that at least 4 cars pass?

Example 3.10. Rocks on the surface of the moon are scattered at random but on aver-

age there are 0.3 rocks per M*? on the moon.

1. An exploring vehicle covers an are of 8m2. What is the probability that it finds

two or more rocks?

2. What area should be explored if there is to be a probability of 0.8 of finding 1 or

more rocks.
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3.3.5 Continuous probability distributions

In contrast to the binomial and Poisson distribution, we now allow the random variable
to take real values and not just integers. That is what the continuous is referring to.

Binomial and Poisson are called discrete probability distributions.

Example 3.11. Spin a wheel of fortune. It can stop at any angle from O to 2. We assume

that it stops ‘everywhere with same probability’.

The probability that it stops at exactly 7 (or at any other point) is zero. We must ask

about intervals. The probability that it stops between % and 3777 is %:

PI<ep<3)=PE<p<I)=

_ 1
2 5

1

The probability that it sops between % and T is T

We describe the distribution by a probability density function, in Example 3.11 and in

general. Here, the density would be
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This is

Probability density functions have in general the following properties:

1. f(p) > Oforallp € R,

/ f (v)dxisthe probability that the wheel stops between a and b. Note: f()dy

is the probability to obtain a result between @ and i + d.

3 70/" (p)dp =1

Mean and variance of a continuous distribution with a pdf (probability density function)

f are obtained by

Q= ]Oxf(x)da:
and OO_OO
7= [ (@ P

These formulas are similar to the ones for discrete distributions. See Section 3.2.
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3.3.6 Examples

Example 3.12. A random variable X has probability density function

{x—]\; 1< <)

0O : otherwise

1. Find the normalisation constant N .

2. Find the probability that X is between 2 and 3.

3. The probability that X is larger than 4.
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3.4 The normal (Gaussian) distribution

Arandom variable X follows a normal distribution with mean 1 and standard deviation

o (ie X ~ N(u,c?))ifit has the pdf

1 (z—p)?
f ) = —6_ 202
() \V2mo?

Exercise 3.1. Acompany manufactures light bulbs with nominal (mean) power of |1 =
10W. The actual powers, denoted by X, follow a normal distribution with standard de-

viation o = 0.5W.

1. What is the probability that a light bulb has power between 10W and 11W?
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2. What is the probability that power is between 11Wand 11.5W?

3. What is the probability that the power is between 9.5Wand 11W?

4. What is the probability that the power is less than OW.?



Appendix

Some Prerequisites

A.1 Integration by substitution

Integration by substitution can be seen as a reversion of the chain rule. If we have an

integral of the form
[ @) s @
we cansety = f(x)and obtain dy = f'(x)dz. Thus, we get
[du@nr@a = [ dway
If the last integral is easy, then we integrate and substitute back and finally obtain

[ 4@ s @ = g(s@) + €.

An example is

1
/x\/aﬂ + 1dx = 5 / 2xvVr? + ldx.

Settingy = 2 + 1, we get dy = 2xdx which gives

2
/2x\/:c2+1d:c:/\/§dy:§y .

[\V[eV)

Thus,

1
/:c\/x2 +1= g(xQ + 1)% +C.
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